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(Partial) Latin squares

PL(n) := {n × n partial Latin squares with entries in [n] ∪ {·}} .

Example :

1 2 · 4

· 3 4 ·
3 · 1 2

4 1 · ·

∈ PL(4)

L(n) := {n × n Latin squares with entries in [n]} .

Example :

1 2 3 4

2 3 4 1

3 4 1 2

4 1 2 3

∈ L(4)
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Paratopisms in Latin squares.

Definition

Two Latin squares L1, L2 ∈ L(n) are paratopic if there exist an action σ
of the wreath product Pn = Sn ≀ S3 such that Lσ1 = L2. Then σ is called
paratopism and σ = (α, β, γ; δ)

• Isotopism: Θ = (α, β, γ) ∈ S3
n .

• Autotopism: LΘ = L.
• Autoparatopism: Lσ = L.

n |L(n)|
1 1
2 2
3 12
4 576
5 161280
6 812851200
7 61479419904000
8 108776032459082956800
9 5524751496156892842531225600

10 9982437658213039871725064756920320000
11 776966836171770144107444346734230682311065600000
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Representative Latin squares of main classes.

1 2

2 1

1 2 3

2 3 1

3 1 2

1 2 3 4

2 1 4 3

3 4 1 2

4 3 2 1

1 2 3 4

2 1 4 3

3 4 2 1

4 3 1 2

L2 L3 L4.1 L4.2

1 2 3 4 5

2 3 4 5 1

3 4 5 1 2

4 5 1 2 3

5 1 2 3 4

1 2 3 4 5

2 1 4 5 3

3 4 5 1 2

4 5 2 3 1

5 3 1 2 4

L5.1 L5.2
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Θ-Orbits and Θ-critical sets.

Let L ∈ L(5) and Θ ∈ Atop(L) :

L ≡

1 2 3 4 5

2 3 4 5 1

3 4 5 1 2

4 5 1 2 3

5 1 2 3 4

Θ = ((2354), (1243), (1243))
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Θ-Orbits and Θ-critical sets.

Let L ∈ L(5) and Θ ∈ Atop(L) :

L ≡

1 2 3 4 5

2 3 4 5 1

3 4 5 1 2

4 5 1 2 3

5 1 2 3 4

Θ = ((2354), (1243), (1243))

· · · · ·
· 3 4 · 1

· · · · ·
· · · · ·
· · · · ·
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L ≡

1 2 3 4 5

2 3 4 5 1

3 4 5 1 2

4 5 1 2 3

5 1 2 3 4

Θ = ((2354), (1243), (1243))

· · · · ·
· 3 4 · 1

· · · · ·
· · · · ·
· · · · ·
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Θ-Orbits and Θ-critical sets.

Let L ∈ L(5) and Θ ∈ Atop(L) :

L ≡

1 2 3 4 5

2 3 4 5 1

3 4 5 1 2

4 5 1 2 3

5 1 2 3 4

Θ = ((2354), (1243), (1243))

· · · · ·
· 3 4 · 1

· · · · ·
· · · · ·
· · · · ·

Θ-forced−−−−−→

· · · · ·
· 3 4 · 1

3 · · 1 2

4 · · 2 3

· 1 2 · 4
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Θ-Orbits and Θ-critical sets.

Let L ∈ L(5) and Θ ∈ Atop(L) :

L ≡

1 2 3 4 5

2 3 4 5 1

3 4 5 1 2

4 5 1 2 3

5 1 2 3 4

Θ = ((2354), (1243), (1243))

· · · · ·
· 3 4 · 1

· · · · ·
· · · · ·
· · · · ·

Θ-forced−−−−−→

· · · · ·
· 3 4 · 1

3 · · 1 2

4 · · 2 3

· 1 2 · 4

L-forced−−−−−→
Θ-forced

1 2 3 4 5

2 3 4 5 1

3 4 5 1 2

4 5 1 2 3

5 1 2 3 4
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Θ-Orbits and Θ-critical sets.
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Θ-Orbits and Θ-critical sets.

L Θ ∈ Atop(L) zΘ |CSΘ(L)| scsΘ(L) lcsΘ(L)

L2 (Id2, Id2, Id2) (12, 12, 12) 4 1 1

((12), (12), Id2) (2, 2, 12) 4 1 1

L3 (Id3, Id3, Id3) (13, 13, 13) 27 2 3
((12), (12), (13)) (21, 21, 21) 14 1 2

((123), (132), Id3)) (3, 3, 13) 27 2 2
((123), (123), (132)) (3, 3, 3) 9 1 1

L4.1 (Id4, Id4, Id4) (14, 14, 14) 576 5 7

((12)(34), (12)(34), Id4) (22, 22, 14) 192 4 4

((23), (14), (14)) (212, 212, 212) 256 4 4

((12)(34), (13)(24), (14)(23)) (22, 22, 22) 256 3 3
((243), (134), (134)) (31, 31, 31) 90 2 2

((1234), (1234), (24)) (4, 4, 212) 64 2 2

L4.2 (Id4, Id4, Id4) (14, 14, 14) 736 4 6

((12)(34), (12)(34), Id4) (22, 22, 14) 192 4 4

((13)(24), (14)(23), (34)) (22, 22, 212) 224 3 3

((12), (12), (34)) (212, 212, 212) 256 4 4

((1324), (1324), (12)(34)) (4, 4, 22) 64 2 2

((1423), (1324), Id4) (4, 4, 14) 256 3 3

L5.1 (Id5, Id5, Id5) (15, 15, 15) 53250 6 10

((12)(35), (13)(45), (14)(23)) (221, 221, 221) 3088 3 5
((2354), (1243), (1243)) (41, 41, 41) 832 3 3

((12345), (15432), Id5) (5, 5, 15) 3125 4 4
((12345), (12345), (13524)) (5, 5, 5) 250 2 2

L5.2 (Id5, Id5, Id5) (15, 15, 15) 48462 7 11

((13)(45), (25)(34), (13)(45)) (221, 221, 221) 2896 3 5

((345), (345), (345)) (312, 312, 312) 8424 5 6
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σ-orbits and σ-critical sets.

Let L ∈ L(5):

L ≡

1 2 3 4 5

2 3 4 5 1

3 4 5 1 2

4 5 1 2 3

5 1 2 3 4

• Has the following conjugates:

1 2 3 4 5

2 3 4 5 1

3 4 5 1 2

4 5 1 2 3

5 1 2 3 4

1 5 4 3 2

2 1 5 4 3

3 2 1 5 4

4 3 2 1 5

5 4 3 2 1

1 2 3 4 5

5 1 2 3 4

4 5 1 2 3

3 4 5 1 2

2 3 4 5 1

π ∈ {Id , (12)} π ∈ {(13), (123)} π ∈ {(23), (132)}
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σ-orbits and σ-critical sets.

Let L ∈ L(5), Lπ its conjugate by π = (123) and σ ∈ Par(L) :

σ = (((2354), (5324), (2354)), (123))

L ≡

1 2 3 4 5

2 3 4 5 1

3 4 5 1 2

4 5 1 2 3

5 1 2 3 4

Lπ ≡

1 5 4 3 2

2 1 5 4 3

3 2 1 5 4

4 3 2 1 5

5 4 3 2 1
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σ-orbits and σ-critical sets.

Let L ∈ L(5), Lπ its conjugate by π = (123) and σ ∈ Par(L) :

σ = (((2354), (5324), (2354)), (123))

L ≡

1 2 3 4 5

2 3 4 5 1

3 4 5 1 2

4 5 1 2 3

5 1 2 3 4

Lπ ≡

1 5 4 3 2

2 1 5 4 3

3 2 1 5 4

4 3 2 1 5

5 4 3 2 1

• (1,1,1) →
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σ-orbits and σ-critical sets.

Let L ∈ L(5), Lπ its conjugate by π = (123) and σ ∈ Par(L) :

σ = (((2354), (5324), (2354)), (123))

L ≡

1 2 3 4 5

2 3 4 5 1

3 4 5 1 2

4 5 1 2 3

5 1 2 3 4

Lπ ≡

1 5 4 3 2

2 1 5 4 3

3 2 1 5 4

4 3 2 1 5

5 4 3 2 1

• (1,1,1) → (1, 1, 1) →

Manuel González-Regadera Critical sets of Latin squares 21 / 32



σ-orbits and σ-critical sets.

Let L ∈ L(5), Lπ its conjugate by π = (123) and σ ∈ Par(L) :

σ = (((2354), (5324), (2354)), (123))

L ≡

1 2 3 4 5

2 3 4 5 1

3 4 5 1 2

4 5 1 2 3

5 1 2 3 4

Lπ ≡

1 5 4 3 2

2 1 5 4 3

3 2 1 5 4

4 3 2 1 5

5 4 3 2 1

• (1,1,1) → (1, 1, 1) → (1,1,1)
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σ-orbits and σ-critical sets.
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σ-orbits and σ-critical sets.

Let L ∈ L(5), Lπ its conjugate by π = (123) and σ ∈ Par(L) :

σ = (((2354), (5324), (2354)), (123))

L ≡

1 2 3 4 5

2 3 4 5 1

3 4 5 1 2

4 5 1 2 3

5 1 2 3 4

Lπ ≡

1 5 4 3 2

2 1 5 4 3

3 2 1 5 4

4 3 2 1 5

5 4 3 2 1

• (1,1,1) → (1, 1, 1) → (1,1,1)

• (1,2,2) → (2, 1, 2) →

Manuel González-Regadera Critical sets of Latin squares 24 / 32



σ-orbits and σ-critical sets.

Let L ∈ L(5), Lπ its conjugate by π = (123) and σ ∈ Par(L) :

σ = (((2354), (5324), (2354)), (123))

L ≡

1 2 3 4 5

2 3 4 5 1

3 4 5 1 2

4 5 1 2 3

5 1 2 3 4

Lπ ≡

1 5 4 3 2

2 1 5 4 3

3 2 1 5 4

4 3 2 1 5

5 4 3 2 1

• (1,1,1) → (1, 1, 1) → (1,1,1)

• (1,2,2) → (2, 1, 2) → (3,1,3) → ...
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σ-orbits and σ-critical sets.
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σ-orbits and σ-critical sets.
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σ-orbits and σ-critical sets.

Let L ∈ L(5), Lπ its conjugate by π = (123) and σ ∈ Par(L) :
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σ-orbits and σ-critical sets.

Let L ∈ L(5), Lπ its conjugate by π = (123) and σ ∈ Par(L) :

σ = (((2354), (5324), (2354)), (123))

L ≡

1 2 3 4 5

2 3 4 5 1

3 4 5 1 2

4 5 1 2 3

5 1 2 3 4

Lπ ≡

1 5 4 3 2

2 1 5 4 3

3 2 1 5 4

4 3 2 1 5

5 4 3 2 1

· · · · ·
· 3 · · ·
· · · · ·
· · · · ·
· · · · ·

σ − forced−−−−−−→

· · · · ·
· 3 4 5 ·
· 4 5 · 2

· 5 · 2 3

· · 2 3 4

σ − forced−−−−−−→
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σ-orbits and σ-critical sets.

Let L ∈ L(5), Lπ its conjugate by π = (123) and σ ∈ Par(L) :

σ = (((2354), (5324), (2354)), (123))

L ≡

1 2 3 4 5

2 3 4 5 1

3 4 5 1 2

4 5 1 2 3

5 1 2 3 4

Lπ ≡

1 5 4 3 2

2 1 5 4 3

3 2 1 5 4

4 3 2 1 5

5 4 3 2 1

· · · · ·
· 3 · · ·
· · · · ·
· · · · ·
· · · · ·

σ − forced−−−−−−→

· · · · ·
· 3 4 5 ·
· 4 5 · 2

· 5 · 2 3

· · 2 3 4

σ − forced−−−−−−→
L − forced

· 2 3 4 5

2 3 4 5 1

3 4 5 1 2

4 5 1 2 3

5 1 2 3 4
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2 MANUEL GONZÁLEZ-REGADERA, MARÍA DOLORES FRAU, AND RAÚL M. FALCÓN

L π Θ scsσ(L) lcsσ(L)
L2 (12) (Id, Id, Id) 1 1

(Id, (12), (12)) 1 1
((12), Id, (12)) 1 1
((12), (12), Id) 1 1

(13) (Id, Id, Id) 1 1
(Id, (12), (12)) 1 1
((12), Id, (12)) 1 1
((12), (12), Id) 1 1

(23) (Id, Id, Id) 1 1
(Id, (12), (12)) 1 1
((12), Id, (12)) 1 1
((12), (12), Id) 1 1

(123) (Id, Id, Id) 1 1
(Id, (12), (12)) 1 1
((12), Id, (12)) 1 1
((12), (12), Id) 1 1

(132) (Id, Id, Id) 1 1
(Id, (12), (12)) 1 1
((12), Id, (12)) 1 1
((12), (12), Id) 1 1



CRITICAL SETS BASED ON NON-TRIVIAL AUTOPARATOPISMS OF LATIN SQUARES 3

L π Θ scsσ(L) lcsσ(L)
L3 (12) (Id, Id, Id) 2 2

(Id, (123), (123)) 1 1
((23), (23), (23)) 1 1
((123), Id, (123)) 1 1
((123), (123), (132)) 1 1
((123), (132), Id) 2 2

(13) (Id, (32), Id) 1 1
(Id, (12), (123)) 1 1
((23), Id, (23)) 2 2
((23), (123), (12)) 1 1
((123), (32), (123)) 1 1
((123), (13), Id) 1 1

(23) (Id, (32), (32)) 2 2
((23), Id, Id) 1 1
((23), (123), (123)) 1 1
((12), Id, (123)) 1 1
((12), (132), Id) 1 1
((123), (32), (12)) 1 1

(123) (Id, (32), Id) 1 1
(Id, (12), (123)) 1 1
((23), Id, (23)) 1 1
((23), (123), (12)) 1 1
((123), (32), (123)) 1 1
((123), (13), Id) 1 1

(132) (Id, (32), (32)) 1 1
((23), Id, Id) 1 1
((23), (123), (123)) 1 1
((12), Id, (123)) 1 1
((12), (132), Id) 1 1
((123), (32), (12)) 1 1



4 MANUEL GONZÁLEZ-REGADERA, MARÍA DOLORES FRAU, AND RAÚL M. FALCÓN

L π Θ scsσ(L) lcsσ(L)
L4.1 (12) (Id, Id, Id) 4 6

(Id, (12)(34), (12)(34)) 3 3
((34), (34), (34)) 3 4
((34), (1324), (1324)) 2 2
((234), (234), (234)) 1 1
((12)(34), Id, (12)(34)) 3 3
((12)(34), (12)(34), Id) 4 6
((12)(34), (13)(24), (14)(23)) 3 3
((1234), (24), (1234)) 2 2
((1234), (1234), (24)) 3 3

(13) (Id, Id, Id) 4 6
(Id, (12)(34), (12)(34)) 3 3
((34), (34), (34)) 3 4
((34), (1324), (1324)) 2 2
((234), (234), (234)) 1 1
((12)(34), Id, (12)(34)) 4 6
((12)(34), (12)(34), Id) 3 3
((12)(34), (13)(24), (14)(23)) 3 3
((1234), (24), (1234)) 3 3
((1234), (1234), (24)) 2 2

(23) (Id, Id, Id) 4 6
(Id, (12)(34), (12)(34)) 4 6
((34), (34), (34)) 3 4
((34), (1324), (1324)) 3 3
((234), (234), (234)) 1 1
((12)(34), Id, (12)(34)) 3 3
((12)(34), (12)(34), Id) 3 3
((12)(34), (13)(24), (14)(23)) 3 3
((1234), (24), (1234)) 2 2
((1234), (1234), (24)) 2 2

(123) (Id, Id, Id) 3 3
(Id, (12)(34), (12)(34)) 3 3
((34), (34), (34)) 2 2
((34), (1324), (1324)) 2 2
((234), (234), (234)) 2 3
((12)(34), Id, (12)(34)) 3 3
((12)(34), (12)(34), Id) 3 3
((12)(34), (13)(24), (14)(23)) 3 3
((1234), (24), (1234)) 2 2
((1234), (1234), (24)) 2 2

(132) (Id, Id, Id) 3 3
(Id, (12)(34), (12)(34)) 3 3
((34), (34), (34)) 2 2
((34), (1324), (1324)) 2 2
((234), (234), (234)) 2 3
((12)(34), Id, (12)(34)) 3 3
((12)(34), (12)(34), Id) 3 3
((12)(34), (13)(24), (14)(23)) 3 3
((1234), (24), (1234)) 2 2
((1234), (1234), (24)) 2 2



CRITICAL SETS BASED ON NON-TRIVIAL AUTOPARATOPISMS OF LATIN SQUARES 5

L π Θ scsσ(L) lcsσ(L)
L4.2 (12) (Id, Id, Id) 3 4

(Id, (12)(34), (12)(34)) 3 3
(Id, (1324), (1324)) 1 1
((34), (34), (34)) 3 4
((34), (13)(24), (13)(24)) 2 2
((12)(34), Id, (12)(34)) 3 3
((12)(34), (12)(34), Id) 3 4
((12)(34), (1324), (1423)) 1 1
((13)(24), (34), (13)(24)) 2 2
((13)(24), (13)(24), (12)) 3 4
((1324), Id, (1324)) 1 1
((1324), (12)(34), (1423)) 1 1
((1324), (1324), (12)(34)) 3 3
((1324), (1423), Id) 3 4

(13) (Id, (43), Id) 3 4
(Id, (12), (12)(34)) 3 3
(Id, (13)(24), (1324)) 2 2
((34), Id, (34)) 3 4
((34), (12)(43), (12)) 3 3
((34), (1324), (13)(24)) 1 1
((12)(34), (43), (12)(34)) 3 4
((12)(34), (12), Id) 3 3
((12)(34), (13)(24), (1423)) 2 2
((13)(24), Id, (13)(24)) 3 4
((13)(24), (12)(43), (14)(23)) 3 3
((13)(24), (1324), (12)) 1 1
((1324), (43), (1324)) 3 3
((1324), (13)(24), (12)(34)) 2 2
((1324), (14)(23), Id) 2 2

(23) (Id, (43), (43)) 3 4
(Id, (13)(24), (13)(24)) 3 4
((34), Id, Id) 3 4
((34), (12)(43), (12)(43)) 3 4
((34), (1324), (1324)) 3 3
((12), Id, (12)(43)) 3 3
((12), (12)(43), Id) 3 3
((12)(34), (43), (12)) 3 3
((12)(34), (13)(24), (14)(23)) 3 3
((13)(24), Id, (1324)) 2 2
((13)(24), (12)(43), (1423)) 2 2
((13)(24), (1324), (12)(43)) 2 2
((13)(24), (1423), Id) 2 2
((1324), (43), (13)(24)) 1 1
((1324), (13)(24), (12)) 1 1

(123) (Id, (43), Id) 2 2
(Id, (12), (12)(34)) 2 2
(Id, (13)(24), (1324)) 2 2
((34), Id, (34)) 2 3
((34), (12)(43), (12)) 2 3
((34), (1324), (13)(24)) 2 3
((12)(34), (43), (12)(34)) 2 2
((12)(34), (12), Id) 2 2
((12)(34), (13)(24), (1423)) 2 2
((13)(24), Id, (13)(24)) 2 3
((13)(24), (12)(43), (14)(23)) 2 3
((13)(24), (1324), (12)) 2 3
((1324), (43), (1324)) 2 2
((1324), (13)(24), (12)(34)) 2 2
((1324), (14)(23), Id) 2 2

(132) (Id, (43), (43)) 2 3
(Id, (13)(24), (13)(24)) 2 3
((34), Id, Id) 2 2
((34), (12)(43), (12)(43)) 2 2
((34), (1324), (1324)) 2 2
((12), Id, (12)(43)) 2 2
((12), (12)(43), Id) 2 2
((12)(34), (43), (12)) 2 3
((12)(34), (13)(24), (14)(23)) 2 3
((13)(24), Id, (1324)) 2 2
((13)(24), (12)(43), (1423)) 2 2
((13)(24), (1324), (12)(43)) 2 2
((13)(24), (1423), Id) 2 2
((1324), (43), (13)(24)) 2 3
((1324), (13)(24), (12)) 2 3
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L π Θ scsσ(L) lcsσ(L)
L5.1 (12) (Id, Id, Id) 4 6

(Id, (12345), (12345)) 1 1
((2354), (2354), (2354)) 3 3
((25)(34), (25)(34), (25)(34)) 3 4
((12345), Id, (12345)) 1 1
((12345), (12345), (13524)) 1 1
((12345), (15432), Id) 4 6

(13) (Id, (52)(43), Id) 3 4
(Id, (12)(53), (12345)) 2 2
((2354), (5324), (2354)) 3 3
((25)(34), Id, (25)(34)) 4 6
((25)(34), (12345), (12)(35)) 1 1
((12345), (52)(43), (12345)) 2 2
((12345), (15)(42), Id) 2 2

(23) (Id, (52)(43), (52)(43)) 4 6
((2354), (5324), (5324)) 3 3
((25)(34), Id, Id) 3 4
((25)(34), (12345), (12345)) 2 2
((12)(35), Id, (12345)) 2 2
((12)(35), (15432), Id) 2 2
((12345), (52)(43), (12)(53)) 1 1

(123) (Id, (52)(43), Id) 1 1
(Id, (12)(53), (12345)) 1 1
((2354), (5324), (2354)) 1 1
((25)(34), Id, (25)(34)) 2 4
((25)(34), (12345), (12)(35)) 2 4
((12345), (52)(43), (12345)) 1 1
((12345), (15)(42), Id) 1 1

(132) (Id, (52)(43), (52)(43)) 2 4
((2354), (5324), (5324)) 1 1
((25)(34), Id, Id) 1 1
((25)(34), (12345), (12345)) 1 1
((12)(35), Id, (12345)) 1 1
((12)(35), (15432), Id) 1 1
((12345), (52)(43), (12)(53)) 2 4
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L π Θ scsσ(L) lcsσ(L)
L5.2 (12) ((12)(45), (12)(45), (34)) 4 6

((123), (15342), (1354)) 3 3
((12345), (15432), (13)) 4 6
((12354), (152), (1345)) 3 3

(13) ((45), (43), (45)) 4 6
((1345), (2534), (1345)) 3 3

(23) ((45), (12)(53), (12)(53)) 4 6
((13), (15432), (12345)) 4 6
((1345), (152), (12354)) 3 3
((1354), (15342), (123)) 3 3

(123) (Id, (12)(543), (12)(345)) 4 5
((345), (12), (12)(354)) 3 6
((354), (12)(534), (12)) 3 5
((13)(45), (1532), (1235)) 2 2
((134), (1542), (123)(45)) 3 5
((135), (152)(34), (1234)) 3 6

(132) ((12), (12)(534), (543)) 3 6
((12)(345), (12)(543), Id) 4 5
((12)(354), (12), (534)) 3 5
((123)(45), (1542), (134)) 3 6
((1234), (152)(34), (135)) 3 5
((1235), (1532), (13)(54)) 2 2
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Manuel González-Regadera

Department of Applied Maths I.
Universidad de Sevilla.
mangonreg@alum.us.es

Combinatorial Designs and Codes
Sevilla.

July 8, 2024.
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