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Partitioned difference families (Ding, Yin, 2005)

Constant-composition codes

Application in electrical engineering:

power line communication

Hadamard partitioned difference families (Buratti, 2018)

New sporadic examples

(32,[22,6,22],16), (24,[13,22,17],12), (36, [3,9, 24], 18), (40, [1,3,9,27],20)
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Difference Families

Definition (Difference Set)
» G additive group

> k-subset D of G is a (G, k, \) difference set (DS) if each non-zero element of G
is covered \ times by the list of differences of D:

AD={z—y:z#y,z,y€ D} =X(G\{0}).

Definition (Difference Family)
> (G additive group

» Collection of subsets F = {D1,..., D} of G of sizes ki, ..., k¢ is a
(G, [k1, ..., kt], X) difference family (DF) if each non-zero element of G is
covered A times by the list of differences of the blocks:

AF =WAD; = A(G\ {0}).
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Partitioned Difference Family

Definition (Partitioned Difference Families)

A (G, [k1,...,kt],\) difference family is partitioned difference family (PDF) if its
blocks partition G.

Example

> G ~ Z]_3
Ziz ={0,1,2,3,4,5,6,7,8,9,10,11, 12}

» Dy ={0,3,12}
AD; = {+1,+3,+4}

> Dy = {5,7,10,11}
ADy = {+1,+2, 43,44, +5, +6}
> D3 = {172747 67879}

AD3 = {£1,+1,+2, +2, 42, 43,43, 44, +4, +5 +5 +5 + 6, +6, 6}
> F= {Dl,Dg,Dg} is a (Zlg, [3,4, 6],4)-PDF
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Partitioned Difference Families

Definition (Constant-Composition Code)
An (n,M,d, [Ao, A1, ... q—1])q constant-composition code is a code C' C Z, with
size M and minimum Hamming distance d such that in every codeword the element

i € Zq appears exactly \; times.

Theorem (Ding, Yin, 2005)
(v, [A0, AL, - - Ag—1]; \)-PDF
4

optimal (n,n,n — X, [Ao, A1, ..., Aq—1])q-CCC

nd
Aq(n,d, [wo, w1, ..., we—1]) <
‘Z( [ 0 1 q 1]) nd_n2+(w80+w%++wg_l)

Example
> (Zv,[3,4],3)-PDF = optimal (7,4, [3,4])2-CCC of size A2(7,4,[3,4]) =7
346 5012 | 450 6123 | 561 0234 | 602 1345

{ {
0111001 1100101

124 3560 | 235 4601

!
0110110

013 2456

1101010 1010011

0001111 1011100
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Hadamard Partitioned Difference Families

Definition (Hadamard Partitioned Difference Family, Buratti, 2018)
A (G, [k1,...,k¢],\)-PDF F is said to be Hadamard if G has order 2.

Example (Partitioned difference families from difference sets)
» Disa(G,k,\)-DS = {D,D=G\D}isa(G,lk,v—k],v—2k+2)\)-PDF

» The converse is also true!

Definition (Hadamard Difference Set)

Hadamard difference set (HDS) is a difference set with parameters
(4u?, 2u? — u,u? — u), for some u.

Example
Dis a (4u?,2u? — u,u? — u)-HDS in G
U

(D,D =G\ D) is a (4u?, [2u® + u, 2u? — u], 2u?)-HPDF

Q>
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HPDFs with two blocks

Proposition

A PDF with only two blocks necessarily consists of a difference set and its
complement. More specifically, a HPDF with only two blocks necessarily consists of a

Hadamard difference set and its complement.

|G| | [k1, ko] A
16 [10, 6] 8
36 [20,16] | 18
64 [34,30] | 32
100 | [52,48] | 50
144 | [74,70] | 72
196 | [100,96] | 98
256 | [130,126] | 128
324 | [164,160] | 162
484 | [244,240] | 242
576 | [290,286] | 288
676 | [340,336] | 338
784 | [394,390] | 392
900 | [452,448] | 450
1024 | [514,510] | 512
1156 | [580,576] | 578
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First sporadic example

Example (Buratti, 2018)

P> G is a non-abelian group whose elements are all pairs of the Cartesian product
Z4 X Zg and whose operation law is

(@1,91) (22, 92) = (21 + 22,5 y1 + y2)
» There exists (32, [2, 2,6, 22],16)-HPDF in G with blocks
X1 ={(0,0),(2,0)}, X2 ={(1,0),(3,49)},

X3 ={(0,1),(0,3),(1,2),(1,5),(1,6),(3,3)}, X4 =G\ (X1UX2UX3)

Are there any other sporadic examples?
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Necessary conditions for (G, [k, ...

, ki), \)-HPDF

Proposition (Necessary conditions)

> kit + ke =2)=|G|

> |AF| =ki(kr — 1)+ +ke(ks —1) = A(2A—1)

= K2+ kZ2=X22+1)

> A =0 (mod 2) = |G| =0 (mod 4)
v K A
20 [ [1,2,3,14] |10
24 | [13,22,17] | 12
28 [1,9,18] 14
28 [3,6,19] 14
32 [22,6,22] 16
36 [3,9,24] 18
36 [3,42,25] 18
36 | [1%,6,25] | 18
40 | [1,3,9,27] | 20
40 [34,28] 20
40 | [12,32,4,28] | 20
40 | [1%,42,28] | 20
40 | [13,22,5,28] | 20

9/24



HPDFs with three blocks

Proposition

In a (v, [k1, k2, k3], \)-HPDF we necessarily have

2\ — k3 £ 4/2\(2ks + 1) — 3k2
k12 = 5

Corollary

The existence of a (v, [k1, k2, k3], \)-HPDF necessarily implies that no prime divisor of
(2k1 + 1)(2k2 + 1)(2k3 + 1) is congruent to 5 (mod 6).

> As a consequence, in a (v, [k1, k2, k3], \)-HPDF we cannot have, for instance,
blocks of size 2,5,7,8,11,12,14,16,17,...

Proposition

A (v, [k1, k2, 1], \)-HPDF cannot exist.




Exploiting subgroups of index 2

Proposition
Let F ={B1,...,Bi} bea (G, [k1,...,kt], \)-HPDF, assume that G has a subgroup
H of index 2, and set |B;NH| =s; fori =1,...,t. Then the following identities hold:

S1+ ... +se =X and 2s1(k1 —s1) + ... +2$t(kt—st):)\2

Corollary

If there exists a (G, [k1, ..., kt],\)-HPDF and G has a subgroup of index 2, then the
diophantine system

x1 + ...+ xr = A
2x1(k1 - ml) =+ .. + th(k‘t - xt) = A2
has a solution (s1,...,st) with 0 < s; < k; for each i.

As application of the above corollary one can see that none of these K, though
admissible, can be the multiset of block-sizes of a HPDF:

[1,5,20,50]; [1,1,1,2,23,52,]; [2,3,38,73];
[3,8,28,77]; [3,7,31,79); [1,1,16,21,81]; [3,14,35,104].
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Searching for HPDFs

» Necessary conditions
> Subgroups of index 2

» Computer search

v K A
20 | [T2:314] | 10
24 | 13,2217 | 12
28 | I8 |14
28 | I369] | 14
32| [22,6,22] | 16
36 (3,9, 24] 18
36 | I3A%E] | 18
36 | II°%-25] | 18
40 | [1,3,9,27] | 20
40 [34,28] 20
40 | [12,32%,4,28] | 20
40 | JTEA%78] | 20
40 | [13,22,5,28] | 20




New sporadic examples of HPDFs

> (32,[22,622],16)

Group G
1. Czo
2. (Ca x C3) X Cy
3. Cg x Cy
4. Cg X C4
5. (Cg X CQ) X CQ
6. ((04 XCQ) NCQ) ><ICQ
7. (CS X Cz) x Ca
8. Co.((Cq x C2) x Ca)
9. (Cg X 02) X 02
10. Qs % Cy
11. (04 X C4) X Cao
12. C4 xCg
13. Cg X C4
14. Cg X 04
15. C4.Dy4
16. Cig X Co
17. Cig X Co
18. Dis
19. QD32
20. Q32
21. C4 x Cyqy X Co
22. Co X ((04 X Cz) H Cz)
23. CQ X (04 Dl 04)
24. (C4 X 04) x Co
25. C4 X D4
26. Ci4 X Qs

Group G

(CQXCQXCQXCQ)XICQ
(C4 x Cq X CQ) x C2
(CQ X QS) X Co

(C4 X Cz X Cz) bl CQ
(C4 X C4) X Ca

(Cz X Cz).(Cz X Co X Cz)
(C4 X C4) X Co

(C4 X C4) X Co

C4 % Qs

Cg x Co X Ca

Ca X (Cg X Cz)

(Cg X CQ) X Co

Cs X Dg

C2 X QD16

C2 X Q16

(Cg X Cg) X Co

(CQ X D4) X Co

(Cz X Qg) A CQ

Cy X Co X Ca X Co

Cz X Cz X D4

Cy x Cy X Qs

Co X ((04 X Cz) X Cz)
(Cz X D4) X CQ

(C2 X Qs) X Ca

Coy X Ca X Ca X Cy X Co
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New sporadic examples of HPDFs

> (24,[13,22,17],12)

Group G
Cg X Cg
Caq
SL(2,3)
Dicg

C4 X S3
D1g

C2 X Dicg
C3 x Dy
C12 x C2
10. Cg X D4
11. C3 x Qs

© XN oE W=

13. Co x Ay
14. C% X S3
15. Cg x 022
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New sporadic examples of (24, [13,22,17],12)-HPDFs

>
>

G = Cg X Cg
This is the semidirect product of C3 by Cg with defining relations

C3 % Cg = (a,b|a® =03 =1,ab™! = ba)

Thus the elements of G are of the form a®b? with 0 <3 <7 and 0 < j < 2. The
difference (even though we should say "ratio” since we are in multiplicative
notation) between two elements a’1 b7t and a'2b72 is given by

(ailbh)(aizbh)—l — ail—izb(—l)iQ(jl—jQ) (1)
Let F = {B1, B2, B3, B4, Bs, Bs} be the partition of G defined as follows:
By ={1,aq, a?,a%,a*, a8, 4", b, ab, a®b, a*b, a®b, ab, bz,ab27a2b2,a4b2};
By = {a®v?}; Bz ={d°b?}; B4 ={a"b?};
Bs = {a®, a®b}; Bg = {a’b, ab}.
Using (1) it is straightforward to check that F is a (G, [13,22,17],12)-HPDF.
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New sporadic examples of (24, [13,22,17],12)-HPDFs

> G =SL(2,3)

» This is the 2-dimensional special linear group over Zs. Its elements are the 2 x 2
matrices with elements in Z3 and determinant equal to 1.

> Let F = {Bi1, B2, B3, Ba, Bs, Bs} be the partition of G defined as follows:

S (| S ()
we {09 00) me( )6 D)

Bng\(Bl U By U B3z U By UB5).

> It is straightforward to check that F is a (G, [13,22,17],12)-HPDF.
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New sporadic examples of (24, [13,22/17],12)-HPDFs

> G:Z;),XDg

Don = (z,y | 2" =1; y* =1; ya' =27 'y)

> The partition of G into the blocks listed below is a (G, [12,22,17],12)-HPDF.

B ={(0,2")}; Bx={(2,2y)}; Bs={(22}

By ={(1,2%), (2,2”)};  Bs={(Ly), (2,2°y)};
Bs=G \ (B1 U B2 U Bg U By U Bs).
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New sporadic examples of Hadamard PDFs

> (36,[3,9,24],18)

Group G

© XN oUE W=

Zg A Z4

Z36

(Z2 X Zz) : Zg
Dss

Z1g X L2

ZG X ZG

Z3 X Z12

Z3 X Q12

D6 X D6

Zﬁ X D6

Z3 X Ay

Z3 ¥ Q12

72 X Zy

ZQ X Zg X DG




New sporadic examples of (36, [3,9,24], 18)-HPDFs

> G:ZGXZ6

A=1{(1,1),(1,3),(1,5)}
B = {{0,2), (0,3), (1,4), (2,0), (2,5), (3, 4), (4,1), (4, 4), (5, )};
C=G\(A U B).
> G = Zg X Z12
A={(1,1),(1,5), (1,9}
B = {{0,2),(0,3), (0,4), (1,2), (1,8), (1, 11), (2,0), (2,2), (2, )}
C=G\ (A U B).
> G =173 X Q12
A={(0,zy), (1,zy), (2,2y)};
B = {{1,1), (0,2%), (0,22), (2,), (1,4, (2,a%y), (2, 2%), (2,2%), (2, )}
C=G\(A U B).
> G = D6 X D6
A ={(y,zy), (zy, zy), (z%y, zy)};
B = {(173:2:9)7 (z,y), (x27 1), (3727 z), (.722, '7"2)7 (J}2, zy), (¥, 1), (zy, '732)7 (:L‘Qy,x)};
C=G\ (A U B).
» G =7Z¢g x Dg
A={(1,zy),(3,zy), (5,zy)};
B = {{0,z), (1,%2), (2,1),(3,1), (47‘%2)7 (4,9), (4,zy), (4, 1'2?/)» (5,2)}
C=G\ (A U B).
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New sporadic examples of (40, [1,3,9,27],20)-HPDFs

> (40,[1,3,9,27],20)

Group G Group G
1. C5 X2 Cg 8. C5 X D4
2. Cyo 9. Caog x C2
3. C5xCg 10. C5 x Dy
4. Dicio 11. C5 x Qs
5. C4 X D10 12. CQ X F5
6. Do 13. C% x Ds
7. C2 X DiC5 14. Cl() X C%

Example
» D is a (Z40,13,4)-DS
D =1{1,2,3,5,6,9,14,15,18,20, 25,27, 35}
Dy = {1}, Dy=1{2,514}, Ds={3,6,9,15,18,20,25,27,35}
> Zio \ D is a (40,27, 8)-DS
{0,4,7,8,10,11,12,13,16,17, 19, 21, 22, 23, 24, 26, 28, 29, 30, 31, 32, 33, 34, 36, 37, 38, 39}
» {D1,D2,D3,Z40 \ D} is a (40,[1,3,9,27],20)-HPDF
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Open problem

The parameter set of (40, [1,3,9,27],20)-HPDF can be written as
3t -1 3t -1
,3°,31,3%,37, :
2 4

Inspired by this, we have noticed that

2 2
(Ln_l °.q" % ¢, ..., ¢®" Y 7{,”_1)
q_17 b b 9 b bl bl q+1

is an admissible parameter set of a PDF for every positive integer g (not necessarily a
prime power!).

Question
Given positive integers q and n, does there exist a PDF whose K is

[d®q'. a5, ..., ")
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Infinite families of PDFs

Theorem (Buratti, 2018)

If there exists a (G, [k1,...,kt|, \)-HPDF and all the components of 2n + 1 are
greater than 2 - max{k1,...,k¢}, then there exists a
2A(2n + 1), [(2k1)™, ..., (2ke)™, 20, 2X)-PDF in G X Fopy1.

Corollary
> (24,17, 2, 31],12)
If all the components of 2n + 1 are greater than 34, then there exists a
(48n + 24, [34™, 42" 23" 24],24)-PDF in G X Fap,41 for each of the three groups G

considered earlier.
The first possible value of n = 18 gives (984, [34'8,436 254 24],24)-PDF in G x F37.

> (36,(24,9,3], 18)

If all the components of 2n + 1 are greater than 48, then there exists a

(72n + 36, [6™,18™,48™,36], 36)-PDF in G X Fay,41 for each of the nine groups G
considered earlier.

The first possible value of n = 24 gives (1764, [624, 1824, 4824, 36], 36], 36)-PDF in G X Fug.

> (40,[27,9,3,1],20)

If all the components of 2n + 1 are greater than 54, then there exists a
(80n + 40, [2™,6™, 18™,54™,40],40)-PDF in Zao X Fant1.
The first value of n = 29 gives (2360, [229,6%%,182°, 5429, 40], 40)-PDF in Z40 X Fso.
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Infinite families of constant composition codes

Theorem (Ding, Yin, 2005)
(v, [A0s ALy - Ag—1]; A)-PDF
U

optimal (v,v,v — X, [Ao, A1,..., Ag—1])q-CCC

Corollary
> (48n + 24,[34™, 42" 237 24],24)-PDF

If the maximal prime power divisors of 2n + 1 are all greater than 34, then there exists
an optimal (48n + 24,48n + 24,48n, [34™, 42" 237 24])g,,+1-CCC.

> (72n + 36, [6™,18™,48™, 36|, 36)-PDF
If the maximal prime power divisors of 2n + 1 are all greater than 48, then there exists
an optimal (72n + 36, 72n + 36, 72n, [6™, 18", 48", 36])3,,+1-CCC.

> (80m + 40, [27, 6™, 18", 54™, 40], 40)-PDF

If the maximal prime power divisors of 2n + 1 are all greater than 54, then there exists
an optimal (80n + 40, 80n + 40, 80n, [2™, 6™, 18™,54™,40])4n+1-CCC.

w
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Thank you for your attention!
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