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From subspace codes to flag codes

• Let q be a prime power and consider the finite field Fq.

SUBSPACES

Given 1 ⩽ k < n, the
Grassmannian

Gq(k , n)

is the set of k-dimensional
vector subspaces of Fn

q.

FLAGS

Given 1 ⩽ t1 < · · · < tr < n, a
flag of type T = (t1, . . . , tr ) is

F = (F1, . . . ,Fr )

• F1 ⊊ · · · ⊊ Fr and
• dim(Fi ) = ti , for 1 ⩽ i ⩽ r .
The flag variety

Fq(T , n).
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From subspace codes to flag codes

SUBSPACES in Gq(k, n)

• Given U ,V

dS(U ,V) = 2 (k − dim(U ∩ V)) .

• A constant dimension code is

∅ ≠ C ⊆ Gq(k, n).

• Minimum distance:

dS(C) = min
U ,V∈C, U ̸=V

{dS(U ,V)}.

FLAGS in Fq(T , n)

• Given flags F ,F ′

df (F ,F ′) =
r∑

i=1

dS(Fi ,F ′
i ).

• A flag code is

∅ ≠ C ⊆ Fq(T , n).

• Minimum distance:

df (C) = min
F ,F ′∈C, F̸=F ′

{df (F ,F ′)}.
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Projected codes of a flag code

A flag code of length 1 is a constant dimension code in

Fq((t1), n) = Gq(t1, n).

For longer type vectors T = (t1, . . . , tr ):

Given C ⊆ Fq((t1, . . . , tr ), n), its i-th projected code is

Ci = {Fi | F = (. . . ,Fi , . . . ) ∈ C} ⊆ Gq(ti , n).

Information about flag codes in terms of constant
dimension codes

Miguel Ángel Navarro-Pérez Linearly equivalent flag codes 4 / 23



Connection subspaces ⇔ flags
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Linear equivalence: A ∈ GL(n, q)

SUBSPACES

• U ∈ Gq(k , n)

U · A = {uA | u ∈ U}

C ⊆ Gq(k , n)

C · A = {U · A | U ∈ C}

linearly equivalent codes

FLAGS T = (t1, . . . tr )

• F ∈ Fq(T , n)

F = (F1, . . . ,Fr )
F · A = (F1 · A, . . . ,Fr · A)

C ⊆ Fq(T , n)

C · A = {F · A | F ∈ C}

linearly equivalent flag codes
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Connection subspaces ⇔ flags

Miguel Ángel Navarro-Pérez Linearly equivalent flag codes 7 / 23



Flag equivalence ⇒ Projected codes equivalence

F = (F1, . . . ,Fr ), A ∈ GL(n, q)

F · A = (F1, . . . ,Fr ) · A = (F1 · A, . . . ,Fr · A)
C · A = {F · A, F ∈ C} ⇒ i-th subspaces Fi · A
(C · A)i = Ci · A, for all i = 1, . . . , r .

Theorem (N.-P., Soler-Escrivà, 2024)

C a flag code, A ∈ GL(n, q).

C ′ = C · A ⇒


C ′
1 = C1 · A

C ′
2 = C2 · A
...

...
...

C ′
r = Cr · A
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Flag equivalence ⇒ Projected codes equivalence

Linearly equivalent ⇐ linearly equivalent
projected codes flag codes

With the same linear transformation
for ALL the projected codes.
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The converse...

Linearly equivalent

?⇒ linearly equivalent
projected codes flag codes

C ′
1 = C1·A

C ′
2 = C2·A
...

...
...

C ′
r = Cr ·A


?⇒ C ′ = C·A

for an invertible n × n matrix A.
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The converse...

Linearly equivalent

?⇒ linearly equivalent
projected codes flag codes

C ′
1 = C1·A = C1

C ′
2 = C2·A = C

2

...
...

...
C ′
r = Cr ·A = Cr


?⇒ C ′ = C·A = C

for an invertible n × n matrix A.
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The converse...

Same projected codes

?⇒ Unique flag code

C ′
1 = C1

C ′
2 = C2
...

...
...

C ′
r = Cr


?⇒ C ′ = C
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The converse...

Same projected codes ̸⇒ Unique flag code

Example

{e1, e2, e3} Fq-basis of F3
q

F = (⟨e1⟩, ⟨e1, e2⟩)
F ′ = (⟨e3⟩, ⟨e1, e3⟩)

C = {F ,F ′}

F ′′ = (⟨e1⟩, ⟨e1, e3⟩)

C′ = {F ,F ′,F ′′}

C1 = C′
1 = {⟨e1⟩, ⟨e3⟩},

C2 = C′
2 = {⟨e1, e2⟩, ⟨e1, e3⟩}.

Same projected codes but different flag codes
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The converse...
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Miguel Ángel Navarro-Pérez Linearly equivalent flag codes 13 / 23



The converse is not true

Miguel Ángel Navarro-Pérez Linearly equivalent flag codes 14 / 23



Uniqueness generating flag codes

Definition

A flag code C is determined by its projected codes if C is the only
flag code with projected codes C1, . . . , Cr .

Example

{e1, e2, e3} Fq-basis of F3
q

F = (⟨e1⟩, ⟨e1, e2⟩)
F ′ = (⟨e3⟩, ⟨e1, e3⟩)

C = {F ,F ′}

F ′′ = (⟨e1⟩, ⟨e1, e3⟩)

C′ = {F ,F ′,F ′′}
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SIC flag codes

Definition

A flag code C ⊆ Fq((t1, . . . , tr ), n) is subspace-inclusion-closed
(SIC) if for every 1 < i ⩽ r and every pair of flags F ,F ′ ∈ C such
that Fi−1 ⊂ F ′

i the flag

(F1, . . . ,Fi−1,F ′
i , . . . ,F ′

r ) ∈ C.

Example

{e1, e2, e3} Fq-basis of F3
q

F = (⟨e1⟩, ⟨e1, e2⟩)
F ′ = (⟨e3⟩, ⟨e1, e3⟩)

C = {F ,F ′} is not SIC

F ′′ = (⟨e1⟩, ⟨e1, e3⟩)

C′ = {F ,F ′,F ′′} is SIC

Miguel Ángel Navarro-Pérez Linearly equivalent flag codes 16 / 23



SIC flag codes

Theorem (N.-P., Soler-Escrivà, 2024)

Let C ⊆ Fq((t1, . . . , tr ), n) with projected codes C1, . . . , Cr . The
following statements are equivalent:

1 C is a SIC flag code,

2 C = (C1 × · · · × Cr ) ∩ Fq((t1, . . . , tr ), n).

Example

{e1, e2, e3} Fq-basis of F3
q

F = (⟨e1⟩, ⟨e1, e2⟩)
F ′ = (⟨e3⟩, ⟨e1, e3⟩)

C = {F ,F ′} is not SIC

F ′′ = (⟨e1⟩, ⟨e1, e3⟩)

C′ = {F ,F ′,F ′′} is SIC
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Flag codes determined by their projected codes

SIC flag code ̸⇒ Unique flag code

Example

{e1, e2, e3} Fq-basis of F3
q

F = (⟨e1⟩, ⟨e1, e2⟩)
F ′ = (⟨e3⟩, ⟨e1, e3⟩)

C = {F ,F ′}

F ′′ = (⟨e1⟩, ⟨e1, e3⟩)

C′ = {F ,F ′,F ′′}
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Multiplicity

Definition

C ⊆ Fq((t1, . . . , tr ), n) a flag code.

F ∈ C
for every 1 ⩽ i ⩽ r : mC(Fi ) multiplicity of Fi wrt. C

(number of times that this subspace appears as the i-th subspace
of different flags of C).

Example

{e1, e2, e3} Fq-basis of F3
q

F = (⟨e1⟩, ⟨e1, e2⟩)
F ′ = (⟨e3⟩, ⟨e1, e3⟩)

C = {F ,F ′}

F ′′ = (⟨e1⟩, ⟨e1, e3⟩)

C′ = {F ,F ′,F ′′}
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Our goal

Theorem (N.-P., Soler-Escrivà, 2024)

A flag code C is determined by its projected codes if, and only if,

1 C is SIC and

2 every F ∈ C has, at least, one subspace with multiplicity 1
(wrt. C).

Example

F = (⟨e2⟩, ⟨e1, e2⟩)
F′ = (⟨e3⟩, ⟨e1, e3⟩)

C = {F,F′} is det. by its projected codes.
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Oul goal

Corollary (N.-P., Soler-Escrivà, 2024)

Let C ⊆ Fq((t1, . . . , tr ), n) determined by its projected codes. If
C′ ⊆ Fq((t1, . . . , tr ), n) satisfies

C′
i = Ci · A, 1 ⩽ i ⩽ r

for some A ∈ GL(n, q),

then C ′ = C · A.
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Optimum distance flag codes

Corollary (N.-P., Soler-Escrivà, 2024)

Let C ⊆ Fq((t1, . . . , tr ), n) and ODFC. If C′ has projected codes
C′
i = Ci · A and one of the following statements holds:

1 t1 ⩾ n
2 ,

2 tr ⩽ n
2 ,

3 t1 ⩽ n
2 ⩽ tr and tb < 2ta,

4 t1 ⩽ n
2 ⩽ tr and 2tb < n + ta;

then C′ = C · A.

Miguel Ángel Navarro-Pérez Linearly equivalent flag codes 22 / 23



Combinatorial Designs and Codes – CODESCO24
Satellite event of the 9th European Congress of Mathematics

Linearly equivalent flag codes
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