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ace codes to flag codes

e Let g be a prime power and consider the finite field IF.

SUBSPACES FLAGS

| |

Given 1 < k < n, the Gvenl<ti<--- <t <n, a

Grassmannian flag of type T = (t1,...,t,)is
Gq(k, n) F=(F,---. Fr)

is the set of k-dimensional e F1C---C F,and

vector subspaces of Fg. edim(F;)=t;, for 1 <i<r.

The flag variety

Fq(T,n).
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ace codes to flag codes

SUBSPACES in Gq(k, n)
|

e Given U,V

ds(U,V) =2(k —dimUUNYV)).

e A constant dimension code is
0 # C C Gq(k, n).

e Minimum distance:

ds(C) = v r’rgmu#V{ds(U, V)}.

FLAGS in Fy(T, n)

o Given flags F, F’
f(F.F) = st Fi, F)).

e A flag code is
h+£CC Fq(T,n).
e Minimum distance:

dr(C) = J-'J-"EC f;ef'{df(]: 7}
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des of a flag code

o A flag code of length 1 is a constant dimension code in
Fq((t1), n) = Gq(t1, n).
o For longer type vectors T = (t1,...,t):
Given C C Fq((t1,...,tr), n), its i-th projected code is

Ci:{]-“,-]]—“:(...,]—";,...)eC}ng(th”)-

Information about flag codes in terms of constant
dimension codes
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subspaces < flags

SUBSPACES FLAGS T = (t1,...t,)

) Projected codes ]
Equivalence for constantJ Equivalence for flag codesJ

dimension codes
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alence: A € GL(n, q)

SUBSPACES

o U € Gy(k,n)

U-A = {vAluel}

ngq(kan)
C-A={U-A|UEeC}

linearly equivalent codes

FLAGS T = (t1,...t)
|

o F e Fq(T,n)

F = (F1,...,Fr)

FA = (Fi-A....F-A

C C Fq(T,n)
C-A={F-A|FecC}

linearly equivalent flag codes
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subspaces < flags

SUBSPACES FLAGS T = (t1,...t,)

) Projected codes ]
Equivalence for constantJ Equivalence for flag codesJ

dimension codes
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I\valence = Projected codes equivalence

o F=(F1,...,Fr), A€ GL(n,q)

o F-A=(Fi,....F)-A=(F-A.. ., F A
o C-A={F A, FeC} = i-th subspaces F; - A
o (C-A)i=Ci-Aforalli=1,...,r.

Theorem (N.-P., Soler-Escriva, 2024)

C a flag code, A € GL(n, q).
(¢ = ¢ -A
¢—c.as] G T @A
¢ = ¢4 J

Miguel Angel Navarro-Pérez Linearly equivalent flag codes



lence = Projected codes equivalence

SUBSPACES FLAGS T = (t1,...t,)
Equivalence for constant Equivalence for flag codes
dimension codes J
Linearly equivalent ¢ linearly equivalent
projected codes flag codes
With the same linear transformation
for ALL the projected codes. J
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Linearly equivalent i linearly equivalent
projected codes flag codes
/ )
Cl = C]_A

- A
Cf - @Al 2 o

. = CA|

for an invertible n X n matrix A.
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?

Linearly equivalent i linearly equivalent
projected codes flag codes

¢, = CLA=Cy

) = CrA=C
= @A=Gl 1 o_ca-c

¢, = CA=C,

for an invertible n x n matrix A.
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Same projected codes j Unique flag code

e = C
¢ =G|

c = C
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Same projected codes # Unique flag code

{e1, &, e3} Fy-basis of Iﬁ‘g

F = ((a) (a,e))
Fo= (< >7<elv >)

C = {F.F}

A

Same projected codes but different flag codes
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Same projected codes # Unique flag code

{e1, &, e3} Fy-basis of Iﬁ‘g

F = ((a) (a,e))
Fo= (< >7<elv >)

c = {F,F} ¢ = {FF,F

F" = ((er),(e1,€3))

A

Ci = C = {(e), (&)},
C, = C) = {(e1, &), (e1,e3)}.

Same projected codes but different flag codes
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se is not true

SUBSPACES FLAGS T = (t1....t,)
Equivalence for constant | & Equivalence for flag codes
dimension codes
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s generating flag codes

Definition

A flag code C is determined by its projected codes if C is the only
flag code with projected codes Cy,...,C,.

{e1, &, e3} Fg-basis of IF?7

F = (<€1>,<el,e2>) = (<61>,<61,e3>)
Fo= (<e3>’<elve3>)
¢ = (F.F) ¢ = (FFF)
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Definition

A flag code C C F4((t1, ..., tr), n) is subspace-inclusion-closed
(SIC) if for every 1 < i < r and every pair of flags F, 7’ € C such
that Fj_; C F/ the flag

(.Fl,...,f;_l,f.,{,...,f;) eC.

{e1, e, e3} Fy-basis of Fg

F = (e),(e1, ) F' = ((e1), (e1, €3))
F' = ({(e3),(e1,e3))

C = {F,F}isnotSIC C

{F,F,F"}is SIC
v
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Theorem (N.-P., Soler-Escriva, 2024)

Let C C F4((t1, ..., tr), n) with projected codes Cy,...,C,. The
following statements are equivalent:

Q Cis a SIC flag code,
Q C=(Cl X oo xC,)ﬂ]—"q((tl,...,t,),n).

{e1, &2, e3} Fy-basis of IF‘g

F = ({e),{e, ) F' = ((e1),(e1,€3))
F' = ((e3),(e1,e3))

C = {F,F}isnotSIC c’ {F,F,F"}is SIC
V.
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ermined by their projected codes

SIC flag code #’ Unique flag code J

{e1, &, e3} Fy-basis of Fg

F o= ((e), (er, ) F' = ((e1), (e, €3))
F'o= ((e3),(e1, )

c = {F.F} ¢ = {FF.F}
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C C Fq((t1,-..,tr),n) a flag code.
o Fel
o for every 1 < i < r: me(F;) multiplicity of F; wrt. C

(number of times that this subspace appears as the i-th subspace
of different flags of C).

{e1, &, &3} Fg-basis of Fg

F = (<61>,<61,62>) F' = (<61>,<61,e3>)
F'o= ((e3),(e1, )

c = {F,F} c (F,F,F"}
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Theorem (N.-P., Soler-Escriva, 2024)
A flag code C is determined by its projected codes if, and only if,
Q CisSIC and

Q every F € C has, at least, one subspace with multiplicity 1
(wrt. C).

(€2), (e1, €2)) ¢ ={§F,3'} is det. by its projected codes.

(
(<e3>7 <el’ e3>)
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Corollary (N.-P., Soler-Escriva, 2024)

Let C C F4((t1, ..., tr), n) determined by its projected codes. If
C' C Fq((t1, ..., tr), n) satisfies

Ci=Ci-A 1<i<r

for some A € GL(n, q),
then C' = C - A.
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distance flag codes

Corollary (N.-P., Soler-Escriva, 2024)

Let C C F4((t1,.-.,tr),n) and ODFC. If C’ has projected codes
C/ = C;j - A and one of the following statements holds:
Q=3
Q <y,
O t1 <5<t and tp <2,
QO t1 <5 <tpand 2t < n+ty;
then ¢’ =C - A. )
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