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Goals

• Obtaining new results on the study of associative evolution algebras,
mainly related with their classifications.

• Using algebraically-informed deep networks to verify some results
already obtained theoretically by us.

• Seeing the possibility of applying this technique to obtain new results
which confirm our own conjectures.
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Evolution algebras

Regarding evolution algebras, Manuel Ceballos already dealt with evolution
algebras last Tuesday in his talk at this event, although indirectly. He talked
about graphicable evolution algebras, which constitute a particular case of
them.
That talk was titled

Manuel Ceballos (Loyola University)
New advances on graph families associated with graphicable algebras.
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Evolution algebras: their introduction.

• Jianjun Paul Tian. Evolution algebra theory. Thesis(Ph.D.) - University of
California, Riverside, 2004.

• Jianjun Paul Tian and Petr Vojtechovsky. Mathematical concepts of
evolution algebras in non-Mendelian genetics. Quasigroups Related
Systems, 14:1 (2006), 111–122.

• Jianjun Paul Tian. Evolution Algebras and their Applications. Lecture
Notes in Mathematics 1921, Springer-Verlag, Berlin, 2008.

• Manuel Ceballos, Raúl M. Falcón, Juan Núñez and Ángel F. Tenorio. A
historical perspective of Tian’s evolution algebras. Expositiones
Mathematicae 40:3 (September 2022), 819–843.
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historical perspective of Tian’s evolution algebras. Expositiones
Mathematicae 40:3 (September 2022), 819–843.
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Evolution algebras
Definition: Algebra

Vector space (E,+) over a field K endowed with a bilinear product (·)

Definition: Evolution Algebra

Algebra (E,+, ·) such that there exists a basis (natural basis)
B = {ei : i ∈ Λ} with ei · ej = 0, if i ̸= j.

e2j = ej · ej =
∑
i∈Λ

aijei −→ A = (aij) Structure matrix

Evolution algebras are commutative, but they are not associative in
general. The last part of this result can be seen in the following example:
If we consider the evolution algebra defined by multiplication laws:

e21 = e22 = e2,

then:

(e1 · e1) · e2 = e2 · e2 = e2 ̸= 0 = e1 · (e1 · e2).
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Algebraically-informed deep networks for associative evolution algebras



Evolution algebras Algebraically-informed deep networks (AIDN) AIDN for associative evolution algebras Future work Bibliography

Evolution algebras
Definition: Algebra

Vector space (E,+) over a field K endowed with a bilinear product (·)

Definition: Evolution Algebra

Algebra (E,+, ·) such that there exists a basis (natural basis)
B = {ei : i ∈ Λ} with ei · ej = 0, if i ̸= j.

e2j = ej · ej =
∑
i∈Λ

aijei −→ A = (aij) Structure matrix

Evolution algebras are commutative, but they are not associative in
general. The last part of this result can be seen in the following example:
If we consider the evolution algebra defined by multiplication laws:

e21 = e22 = e2,

then:

(e1 · e1) · e2 = e2 · e2 = e2 ̸= 0 = e1 · (e1 · e2).
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Evolution algebras

Definition: non-degenerate and degenerate evolution algebras

An evolution algebra is said to be non-degenerate if e2j ̸= 0, for all j ∈ Λ. On
the contrary, the algebra is called degenerate.

It is easy to know if an evolution algebra is degenerate or not, seeing its
structure matrix, since, according to the previous definition, in the structure
matrix of a non-degenerate evolution algebras there must be at least one
column formed by zeros

1 0 0
0 3 0
0 8 2


Non-degenerate

1 7 0
6 3 0
2 7 0


Degenerate
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Evolution algebras

Definition: Evolution operator
Endomorphism L : E → E which maps each generator into its square, that is

L(ej) = e2j =
∑
i∈Λ

aijei

The matrix representation of the evolution operator with respect to the basis
B is the structure matrix A.
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What is our work on evolution algebras about?

As we said at the beginning of the talk, evolution algebras are not associative
in general, but some of them are.

We have tried of classifying several types of complex evolution algebras:
associative evolution algebras and evolution algebras in general whose
evolution operator is either a derivation or an homomorphism of algebras.
Our results have been the following

• Classification of associative evolution algebras:
Complete classification.
This classification has been published by us in the reference:

Article
Desamparados Fernández-Ternero, Vı́ctor Gómez-Sousa and Juan
Núñez-Valdés. A characterization of associative evolution algebras,
Contemporary Mathematics Journal 4:1, (2023), 42–47.
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What is our work on evolution algebras about?

And referring to classifications of complex evolution algebras in general
whose evolution operator is either a derivation or an homomorphism of
algebras, with respect to the first case, our result has been the following:

• Classification of evolution algebras whose evolution operator is a
derivation:
Complete classification.

This classification has been published by us in the reference:

Article
Desamparados Fernández-Ternero, Vı́ctor Gómez-Sousa and Juan
Núñez-Valdés. Using the evolution operator to classify evolution algebras,
Mathemathical and Computational Applications 26:57 (2021), 10 pages.
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What is our work on evolution algebras about?
Finally, with respect to the classification of complex evolution algebras in
general, whose evolution operator is an homomorphism of algebras, this one
is giving us some problems:

• We have obtained only Classifications for rank n, n − 1, n − 2, 1 of
the structure matrix of the algebra.

For the rest of ranks, these classification are very complicated to obtain
because the procedure involves equations very complex. In any case, we
have really obtained necessary conditions for that rest of ranks, although not
the complete classifications.
These results can be checked in the reference

Article
Desamparados Fernández-Ternero, Vı́ctor Gómez-Sousa and Juan
Núñez-Valdés. Evolution algebras whose evolution operator is a
homomorphism, Computational and Mathematical Methods 3:6 (2021),
Paper e1200, 14 pages.
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Núñez-Valdés. Evolution algebras whose evolution operator is a
homomorphism, Computational and Mathematical Methods 3:6 (2021),
Paper e1200, 14 pages.
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Algebraically-informed deep networks (AIDN)

So, we thought that a possible solution to advance in getting these
classifications in the rest of ranks could be the use of neural networks,
particularly AIDN.

Definition: Presentation
A presentation in AIDN is a system formed by a pair ⟨S | R⟩, where
S = {si}ni=1 is a set of formal symbols (generators) and R = {ri}ki=1 a formal
set of equations (relations) that these generators satisfy.

Objective

Finding neural networks {fi(x; θi)}ni=1, where θi ∈ Rki is the parameter
vector of the network fi, such that these neural networks correspond to the
generators of S and satisfy the same relations of R.
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S = {si}ni=1 is a set of formal symbols (generators) and R = {ri}ki=1 a formal
set of equations (relations) that these generators satisfy.

Objective

Finding neural networks {fi(x; θi)}ni=1, where θi ∈ Rki is the parameter
vector of the network fi, such that these neural networks correspond to the
generators of S and satisfy the same relations of R.
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Algebraically-informed deep networks (AIDN)

AIDN algorithm

The AIDN algorithm finds the weights {θi}ni=1 of the networks {fi(x; θi)}ni=1

by minimizing the loss function

L(f1, . . . , fn) =
k∑

i=1

∥ F(ri) ∥22,

where F(ri) is the relation ri written in terms of the networks {fi(x; θi)}.
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AIDN for associative evolution algebras

With respect to associative evolution algebras and previously to use AIDN
tecnique, we had already proved the following theoretical result on them:

Theorem
Let E be a non-degenerate evolution algebra. Then, the following assertions
are equivalent

• E is associative.

• ei · e2j = 0, for all i ̸= j.

• The structure matrix is a diagonal matrix with nonzero diagonal
elements.
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Algebraically-informed deep networks for associative evolution algebras



Evolution algebras Algebraically-informed deep networks (AIDN) AIDN for associative evolution algebras Future work Bibliography

AIDN for associative evolution algebras

With respect to associative evolution algebras and previously to use AIDN
tecnique, we had already proved the following theoretical result on them:

Theorem
Let E be a non-degenerate evolution algebra. Then, the following assertions
are equivalent

• E is associative.

• ei · e2j = 0, for all i ̸= j.

• The structure matrix is a diagonal matrix with nonzero diagonal
elements.
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AIDN for associative evolution algebras

Then, what we wanted to do was to verify these results using the neural
networks technique. To do this, we experimented with this

Presentation of an associative evolution algebra

• Generators: {ei}ni=1

• Relations: ei · e2j = 0, for all i ̸= j (one of the conditions of the theorem).
e2j ̸= 0, for all j.
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Algebraically-informed deep networks for associative evolution algebras



Evolution algebras Algebraically-informed deep networks (AIDN) AIDN for associative evolution algebras Future work Bibliography

AIDN for associative evolution algebras

Then, what we wanted to do was to verify these results using the neural
networks technique. To do this, we experimented with this

Presentation of an associative evolution algebra

• Generators: {ei}ni=1

• Relations: ei · e2j = 0, for all i ̸= j (one of the conditions of the theorem).
e2j ̸= 0, for all j.
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AIDN for associative evolution algebras
This Table shows that the previous algorithm runs well for associative
evolution algebras of different dimensions because, as we expected, matrices
obtained are diagonal.

Dimension Structure matrix

2

(
145.22 0

0 −143.69

)
3

19.94 0 0
0 −20.81 0
0 0 20.68


4


−23 0 0 0
0 −23.93 0 0
0 0 −22.74 0
0 0 0 −22.27


Table 1: Examples of structure matrices of evolution algebras of different dimensions
obtained after training AIDN. Loss values obtained were from order 10−4 to 10−5.
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AIDN for associative evolution algebras
This graphic represents the model loss with respect to the number of epochs
(let me recall that an epoch is an iteration in the algorithm, which is used to
minimize the loss function).

Figure 1: Neural networks were trained for 50000 epochs with a learning rate of 10−3.
Note that the evolution of the loss function during the training algorithm was similar in
the three cases.
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Future work

On the one hand, we have verified that the AIDN algorithm works well for
associative evolution algebras.
On the other, we have obtained several theoretical results for evolution
algebras in general.
Therefore, two possible open problems could be approached

• Check if AIDN also runs for other families of evolution algebras for which
we know the complete classification, for instance, those in which the
evolution operator is a derivation.

• Use AIDN to obtain evolution algebras whose evolution operator is a
homomorphism, in order to obtain the full classification of these
algebras.
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A Characterization of Associative Evolution Algebras.
Contemp. Math. 4:1 (2023), pp. 42–48.

MUSTAFA HAJIJ, GHADA ZAMZMI, MATTHEW DAWSON, GREG MULLER.
Algebraically-Informed Deep Networks (AIDN): A Deep Learning
Approach to Represent Algebraic Structures.
arXiv: 2012.01141v3 [cs.LG] (2021).
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