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LCD codes related to some combinatorial structures

— Preliminaries

Codes

We will talk only about linear codes, i.e. subspaces of the ambient vector space over a
field Fy of order g = p', where p is prime.

A code C of length n and dimension k is denoted by [n, k].

By [n, k, d]q, we denote code C with minimal distance d over the field Fy.

Specially, if g = 2, parameters of code C are denoted by [n, k, d].

A generator matrix of a [n, k] code C is a k x n matrix whose rows generate all the
words of C.

The dual code of a code C is code C+, CL = {v e (Fg)" | (v,c) =0, Yce C}.

A code is self-orthogonal if C < C+. A code is self-dual if C = C+.
A code is LCD (Linear code with complementary dual) if C n Ct = {0}.

A code C with generator matrix G is LCD code if and only if det(G - GT) # 0.
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— Preliminaries

Weakly self-orthogonal designs

An incidence structure D = (P, B, ), with point set P, block set B and incidence T is
called a t — (v, k, \) design, if P contains v points, every block B € B is incident with
k points, and every t distinct points are incident with A\ blocks.

The incidence matrix of a design is a b x v matrix [mj;] where b and v are the
numbers of blocks and points respectively, such that m;; = 1 if the point P; and the
block B; are incident, and mjj = 0 otherwise.

A design is weakly p-self-orthogonal (p-WSO) if all block intersection numbers gives
the same residue modulo p.
A weakly p-self-orthogonal design is p-self-orthogonal if block intersection numbers

and the block sizes are multiples of p.

Specially, weakly 2-self-orthogonal design is called weakly self-orthogonal (WSO)
design, and 2-self-orthogonal design is called self-orthogonal.
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— Preliminaries

Examples of some known families of p-WSO

» Symmetric designs

1. Point-hyperplane designs.
m+1 _ 1 m_q m—1 _ 1
G ), PR a=d
qg—1 g—1 qg—1
These designs are weakly p-self-orthogonal (k, A =1 mod p)

, g = p/ a prime power and m = 2.

2. Menon designs.

v=4at? k=2 —t A=t —t.
These designs are p-self-orthogonal for every prime p dividing t.
A design with this parameters exists if and only if there exists a regular Hadamard
matrix of order 4t2. It is conjectured that these designs exist for all values of t.

The incidence matrix of a Menon design is given by M = %(JMQ — H),and His a
regular Hadamard matrix in which the sum of every row is equal to 2t.

i
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Preliminaries

Examples of some known families of p-WSO

» Quasi-symmetric designs

1. Blokhuis and Haemers constructed an infinite family of quasi-symmetric
2-(¢%,4%(q — 1)/2, q(q° — g° — 2)/4) designs with block intersection numbers

G*(q — 2)/4 and q*(q — 1)/4, where q is a power of 2.
For g > 2 these designs are self-orthogonal (k and block intersection numbers are even).

2. V. Kr&adinac, R. Vlahovi¢. New quasi-symmetric designs by the Kramer-Mesner
method, Discrete Math. 339 (2016), no. 12, 2884-2890.
The authors found many new quasi-symmetric 2-(28, 12, 11) and 2-(36, 16, 12) designs.

For example, the 2-(28, 12, 11) quasi-symmetric design with intersection numbers 4 and
6 is self-orthogonal.
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— Preliminaries

Examples of some known families of p-WSO

» Strongly regular graphs

1. The adjacency matrix of a SRG(n, k, A, 1) such that k =a mod p, A = o mod p is
the incidence matrix of a p-WSO.

2. The triangular graph T(n), whose vertices are 2-element subsets of an n-elements set,
two pairs being adjacent if and only if they have an element in common.

m
T(n) is a strongly regular graph with parameters <<2>, 2(n—2),n—2, 4) .
If n > 2 is even, the adjacency matrix of T(n) is the incidence matrix of a
self-orthogonal 1-design (k and the block intersection numbers are even)

i
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— Preliminaries

Orbit matrices of a design

Let D be a 1-(v, k, \) design and G be an automorphism group of the design. Let

vi = |V1|,..., vo = |Vn| be the sizes of point orbits and by = |By|,..., bm = |Bm| be
the sizes of block orbits under the action of the group G. We define an orbit matrix as
m X n matrix

a1l a2 dain

ani an azn
0= ,

aml am2 ... amn

where aj; is the number of points of the orbit V; incident with a block of the orbit B3;.
It is easy to see that the matrix is well-defined and that kK = ZJ'-’ZI ajj-

For x € Bs, by counting the incidence pairs (P, x") such that x’ € B; and P is incident
with the block x, we obtain

m

b b
D Ixn x| =) —agay = —O[s] - O[t],
vj v

x'eB; j=1

where O[s] is the s-th row of the matrix O.
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— Preliminaries

Let D be a weakly p-self-orthogonal design such that
k = a (mod p)

and
|Bi n Bj] = d (mod p),

forall i,j € {1,...,b}, i # j, where B; and B; are two blocks of a design D.
Let G be an automorphism group of the design which acts on D with n point orbits of

length w and block orbits of length by, by, ..., bm, and let O be an orbit matrix of a
design D under the action of a group G.

Let g = p” be prime power and let F; be a finite field of order q.
In Fq, for x € Bs, s # t it follows that

%0[51 - O[t] = bed, (1)
%0[ 1-O[s] = a+ (bs — 1)d.




LCD codes related to some combinatorial structures

Self-orthogonal codes from p-WSO designs

Self-orthogonal codes from p-WSO designs

@ Mikuli¢ Crnkovi¢, V., Traunkar, I. Self-orthogonal codes constructed from weakly
self-orthogonal designs invariant under an action of My;. AAECC 34, 139-156
(2023). https://doi.org/10.1007 /s00200-020-00484-2

Let Fy be a finite field of order g = p', where p is a prime.

> Construction of SO codes obtained from incidence matrix of p-WSO designs,
using suitable extensions of incidence matrix of a design.

> Construction od SO codes obtained from orbit matrix of p-WSO designs under
the action of group G which acts on design with n point orbits of length w and m
block orbits of length w, using suitable extensions of orbit matrix.

> Construction of SO codes obtained from submatrices of orbit matrix of of p-WSO
designs under the action of group G which acts on design with f; fixed points and
n point orbits of length p®, and with £, fixed blocks and m block orbits of length

pY, I<a<n
VA
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LCD codes from p-WSO designs

Let a and d be elements of finite filed Iy, where g = p' is prime power. Then

a d d
d a d

det|. . . . =(a—d)"a+ (n—1)d].
d d a

nxn

Let M be b x v incidence matrix of 1-(v, k, ) design D which has b blocks B, ..., Bp.
Let B;; = |B; n Bjl, for all i,j € {1, ..., b}. It follows that

Bi1+x%+y? Bio+y? Bip+ y?
M, x-Ip, y-1]-[M, x-Iy, y-1] T Byt Badeas o Bty
, Xelp, y-1]- » Xelp, Y = . . .
Bp1 + y? By + y? coo o Bpptx% 4 y?

11/24



LCD codes related to some combinatorial structures
L LCD codes from p-WSO designs

LCD codes from p-WSO designs

Let D be such that k = a (mod p) and |B; n Bj| = d (mod p), for all
i,je{l,...,b}, i # j, where B; and B; are two blocks of the design D.

1. If a=d =0 then
the matrix [M, x - 1] for x # 0, and
the matrix [M, x - I, y1] for y # 0 and x> + b-y? # 0
generate an LCD code over the field [Fy.
2. If a=0and d # 0 then
the matrix M for (b — 1) - d # 0 and if M is of full rank,
the matrix [M, y1] for by? + (b—1)-d # 0 and if M is of full rank,
the matrix [M, x - 1] for x —d # 0 and x2 +(b—1)-d # 0, and
the matrix [M, x - 1, y1] for x> —d #0and b-y? + x>+ (b—1)-d # 0
generate an LCD code over the field [Fy.
3. Ifa#0and d =0 then
the matrix M if M is of full rank,
the matrix [M, y1] for b-y2 + a # 0 and if M is of full rank,
the matrix [M, x - 1] for x2 +a # 0, and

the matrix [M,x - 1, y1] for x> + a#0and b-y? + x> +a#0 f
generate an LCD code over the field [Fy. \A/\
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LCD codes from p-WSO designs

Let D be such that kK = a (mod p) and |B; n Bj| = d (mod p), for all
ijeq{l,..., b}, i # j, where Bj and B; are two blocks of the design D.

4. If a=d # 0 then
the matrix [M, x - 1] for x # 0 and x? + ba # 0, and
the matrix [M, x - I, y1] for x #0 and b-y?> + x> +b-d #0
generate an LCD code over the field Fy.

5. 1fa#0,d#0, a#d then
the matrix M for a+ (b—1) - d # 0 and if M is of full rank,
the matrix [M,x - 1] for x> —d +a#0and x> +a+(b—1)-d #0,
the matrix [M, y1] for by? + a+ (b—1) - d # 0 and if M is of full rank, and
the matrix [M, x 15, y1] for x> ~d+a#0and b-y?> + x> +a+(b—1)-d # 0
generate an LCD code over Fy.
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D. Crnkovi¢, VMC: Unitals, projective planes and other combinatorial structures
constructed from the unitary groups U(3,q), q = 3,4,5,7, Ars. Combin. 110
(2013), pp. 3-13

Let G < S, be a transitive permutation group, let P be a subgroup of the group G
and A = $_,6;P for distinct representatives 61, ...,0s. Then the set

B ={Ag | g € G} is a set of blocks of a 1-design with parameters
L 1G5, _ 16| )
1—(v,|A|, T1Gal > W) and b = TGal blocks on which the group G acts

transitively and faithfully on the set of points and the set of blocks.
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L LCD codes from p-WSO designs

LCD codes from As

We constructed all weakly self-orthogonal 1-designs and corresponding binary LCD
codes constructed from transitive permutation group G =~ As and P < G, P # |.

We obtained 4 optimal LCD codes and 2 near-optimal LCD codes.

Design

1-(10, 5, 3)
1-(10,6,3)
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LCD from orbit matrices of p-WSO designs
Let g = p’ and let I, be the finite field of order q.
Let D be such that kK = a (mod p) and |B; ~ Bj| = d (mod p), forall i,j € {1,...,b}, i #j,
where B; and B; are two blocks of the design D.

Let G be an automorphism group of D which is acting od D with n point orbits of size w and m
block orbits of size w. Let O be an m x n orbit matrix under the action of G. Let x and y be
nonzero elements of the field Fg.

1. If a=d =0 then
the matrix [O, x - I,,] and
the matrix [0, x - 1y, y - 1] for x2 + m-y? #0
generate an LCD codes over the field F,.
2. If a=0,d # 0 then we differ several cases.
»Ifgktw,qgtw—1, then
the matrix O if O is of full rank and mw — q # 0,
the matrix [0, x - |,] ifx?—d#0andx*—d+mw-d#0,
the matrix [0,y - 1] for m - y?> —d 4+ mw - d # 0 and if O is of full rank, and
the matrix [0, x - |, y - 1] forxzfd;éOandX2+m-y27mw-d+d;/:0
generate an LCD code over the field F.
> If g | w, then
the matrix O if O is of full rank,
the matrix [0, x - 1,,] if x> —d # 0,
the matrix [0,y -1] ifd — m- y% # 0 and O is of full rank and f
the matrix [0, x - |, y - 1] ifx27d7é0;md)<27d+m-y2 #0
generate an LCD code over the field .
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Let D be such that kK = a (mod p) and |B; n Bj| = d (mod p), forall i,j e {1,...,b}, i # ],
where B; and B; are two blocks of the design D.

Let G be an automorphism group of D which is acting od D with n point orbits of size w and m
block orbits of size w. Let O be an m X n orbit matrix under the action of G.

2. 2a=0,d#0
» If g | w—1, then
the matrix O for m — 1 # 0 and if O is of full rank,
the matrix [0, x - |,,],
the matrix [0,y - 1] for m-y* —w-d + mw - d # 0 and if O is of full rank, and
the matrix [0, x -1,y -1]forx> —w-d #0and x> + m-y*> —w-d+mw-d # 0
generate an LCD code over the field Fy.

3. Ifa#0,d =0, then
the matrix O if O is of full rank,
the matrix [O, x - I,,] for x> +a#0,
the matrix [0, y - 1] for m - y? + a # 0 and if O is of full rank, and
the matrix [0, x - |, y - 1] forx?4+a%0and x>+ m-y*+a#0

generate an LCD code over the field .
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LLCD codes from p-WSO designs

Let D be such that kK = a (mod p) and |Bj n Bj| = d (mod p), forall i,j e {1,...,b}, i # ],
where B; and B; are two blocks of the design D.

Let G be an automorphism group of D which is acting od D with n point orbits of size w and m
block orbits of size w. Let O be an m X n orbit matrix under the action of G.

4. If a=d # 0, then
the matrix [O, x - I,,] for x>+ mw-d # 0, and
the matrix [0, x - 1,y - 1] for x> + m-y?> + mw -d # 0
generate an LCD code over the field .
5 Ifa#0,d #0,a#d, then
the matrix O if O is of full rank and for a — d # 0,
the matrix [0, x - I,| ford —gq# 0andd —a— mw-d # 0,
the matrix [0,y - 1] ford —a—mw -d — m - y? # 0 and if O is of full rank, and
the matrix [0, x - 1,,,y - 1] ford —a — x> # 0 and
d—a—x>—mw-d—m-y>#0
generate an LCD code over the field .
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L LCD codes from p-WSO designs

Some examples...

We constructed examples of weakly 3-self-orthogonal designs and weakly

5-self-orthogonal designs from permutation representation of the group 54(9) on 1640

points.

The orbit matrices of the constructed designs were obtained under the action of the
cyclic group of order 5 which acts on the points of the design, i.e. in orbits of length 5.

Design C
1-(1640, 729, 729) [657, 328, 23
T o | [492,164,2]5

1-(1640, 1458, 729) 493, 164, 2]
1-(1640, 1638, 819) 329,164, 1]3
328,164, 2]3
1-(1640,2,1) 329, 164, 3]
1-(1640, 182, 91) 493,164, 4]3

1-(1640,911, 911) [656, 328] 3

1-(1640, 1458, 729)

1-(1640, 1638, 819)

[328, 164, 2[5
[492, 164, 12]5
[493, 164, 12]5
[329, 164, 3]5

T [493,164,3]5
[493, 164, 4]5
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LCD codes obtained using submatrices of orbit matrix of p-WSO design

Let g = p/ and let F, be the finite field of order g.
Let D 1-(v, k, r) be a design sunch that k = a (mod p) and |B; n Bj| = d (mod p),
forall i,j € {1,...,b}, i # j, where B; and B; are blocks of the design D.

Let G be an automorphism group of the design D which acts on the point set of D
with f; fixed points and n orbits pf length p®, 1 < o </, and which acts of block set
of the design D with £, fixed blocks and m orbits of length p®.

LA 41 a,f 42 e a,f +n

oML 2. +1 2. +2 s 2.f +n
\
|

e f41 A A42 o0 A A4

0= |- - - _ _ _ _________ i+l _WmA+2 o Hftn
41,1 41,2 e 41,1 |
af, 42,1 41,2 - Ah42f |
. |
: : . : | om2

hytml  hHEm2 o hemf

Using suitable extensions of OM1 and OM2, one can construct an LCD code over/\t?w\
field Fq.
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LCD codes obtained using submatrices of orbit matrix of p-WSO design
(OM1)

Let g = p’ and let Fy be the finite field of order q. Let D 1-(v, k, r) be a design sunch that
k = a (mod p) and |B; n Bj| = d (mod p), forall i,j e {1,...,b}, i #j, where B; and B; are
blocks of the design D. Let G be an automorphism group of the design D which acts on the point
set of D with f; fixed points and n orbits pf length p®, 1 < a < /, and which acts of block set of
the design D with f, fixed blocks and m orbits of length p®. Let x and y be non-zero elements of
Fq.
1. For a = d, we conclude the following.
> For x2 4+ f; - a # 0, linear code over the filed Fq generated by matrix [OM1, x - Ifl] is
LCD code.
> For x> + f - y2 + fi - a # 0, linear code over Fy generated by matrix
[OM1, x - 15,y - 1] is LCD code.
2. For a # d, we conclude the following.
> If OM1 is of full rank, linear code over the filed F, generated by matrix OM1 is LCD
code.
> For x*> + a # 0, linear code over the filed F, generated by matrix [OM1, x - I ] is LCD
code.
> If OM1 is of full rank and for a + f; - y2 # 0, linear code over the filed F; generated by
matrix [OM1, y - 1] is LCD code.
» Forx’4+a#0and x>+ f -y2 + fi - a # 0, linear code over the filed F, generat§d/y
matrix [OML, x - Ig, y - 1] is LCD code.
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LCD codes obtained using submatrices of orbit matrix of p-WSO design
(OM2)

Let g = p/ and let Fy be the finite field of order q. Let D 1-(v, k, r) be a design such that
k = a (mod p) and |B; n Bj| = d (mod p), forall i,j e {1,...,b}, i #j, where B; and B; are
blocks of the design D. Let G be an automorphism group of the design D which acts on the point
set of D with f; fixed points and n orbits pf length p®, 1 < o < /, and which acts of block set of
the design D with £, fixed blocks and m orbits of length p®. Let x and y be non-zero elements of
Fy.

1. For a = d, we conclude the following.

* Linear code over the fileld F, generated by matrix [OM2, x - 1,,] is LCD code.
> For x2 4+ m - y? # 0, linear code over the field Fq generated by matrix
[OM2, x - 1, y - 1] is LCD code.

2. For a # d, we conclude the following.

> If OM2 is of full rank, linear code over the field IF; generated by matrix OM2 is LCD
code.

» For x> 4+ a—d # 0, linear code over the field F, generated by matrix [OM2, x - I,] is
LCD code.

> If OM2 is of full rank and for a —d + m - y2 # 0, linear code over the field I,
generated by matrix [OM2, y - 1] is LCD code.

» Forx*+a—d#0and x> +m- y2 +a—d # 0, linear code over the field Fy
generated by matrix [OM2, x - |,, y - 1] is LCD code. f
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Some examples...
Using weakly 3-self-orthogonal 1-designs constructed from the group S.(9) on 1640
points, we have constructed LCD codes using Theorem 3. The orbit matrices of the
designs are obtained under the action of a cyclic group of order 3 acting on the points
of the designs of lengths 1 and 3.

Design C

57,19, 1]
[58,19, 2]3
[1068, 534]3
[1069, 534]3

1-(1640, 182, 91)

1-(1640, 729, 729) [801, 267]5
[802, 267];
[39,19,1];
1-(1640,1638,819) | [534,267,2]s
[535, 267, 3]5
38,19, 2];
1-(1640,2,1) [534,267,2]5
[535, 267, 3]5
[58,19, 2]
1-(1640, 182, 91) [801,267]5

1-(1640,911, 911) [1068, 534]3

[1069, 534]5
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jMuchas gracias!
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