On the determinant of the
distance matrix of a tree

Alvaro Gutiérrez (University of Sevilla, University of Bristol)
Joint with E. Briand, L. Esquivias, A. Lillo, M. Rosas



The Graham-Pollak formula
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The Graham-Pollak formula
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Graham-Pollak ‘71

det M(T) = (-1)""1(n — 1)2"2

sign of a j # ways of /\ # orientations

permutation? choosing an edge e of T—e



Enumeration of catalysts

First step:

det M(T) = > sgn(o)d(1,5(1))- - d(n,o(n)).
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Enumeration of catalysts

First step:

det M(T) = > sgn(o) d(1,0(1))--- d(n,a(n)).
oES, —

# edges between /

1 and o(1)

Def. A catalyst is a pair (o, f) with 0 € S, and f : V — E such that

(i) is an edge between i and (i) for all i.



Enumeration of catalysts

Def. A catalyst is a pair (o, f) with 0 € S, and f : V — E such that
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Enumeration of catalysts

Def. A catalyst is a pair (o, f) with 0 € S, and f : V — E such that

(i) is an edge between i and (i) for all i.

c:V —=V f:V —SE
2 —5 2 —25
/| |\ 3 8 3 —13 /‘ ‘\
3 . . 6 4 —7 4 — 47 3 i . 6
5 —3 5 —12
YARN 6 2 6 26 AN
7 9 7 —9 7 — 49 7 9
8 8 —4 8 +— 48 8
9 —1 9 — 14



Enumeration of catalysts

Def. A catalyst is a pair (o, f) with 0 € S, and f : V — E such that

(i) is an edge between i and (i) for all i.
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Enumeration of catalysts

Def. A catalyst is a pair (o, f) with 0 € S, and f : V — E such that
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Enumeration of catalysts

Def. A catalyst is a pair (o, f) with 0 € S, and f : V — E such that

f(i) is an edge between i and (i) for all i.

—V f:
— 6
— 5
— 8
— 7
— 3
— 2
—9
— 4
=1
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— 47
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— 26
— 49
— 48
— 14
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Note (for later): can define equivalently (o, f) with £ : V — E.
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Enumeration of catalysts

det M(T) = % sgn(o) d(1,0(1))---d(n,o(n)) = 2; sgn(o)
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# catalysts (o,f) ca(taly)st




Enumeration of catalysts

det M(T) = >_ sgn(o) d(1,0(1))---d(n,0(n)) = > sgn(o)
ogES, o,
€ # catalysts (o,f) cgtali/)st

Goal:

Define involution on the set of catalysts such that

det M(T) = (—1)""1 . #fixed points of the involution.



Enumeration of catalysts
det M(T) = 3 sgn(o) d(1,0(1))---d(n,0(n)) = 3 sgn(o)

O'GSn (0—7 f)
# catalysts (o,f) catalyst

Goal:

Define involution on the set of catalysts such that

det M(T) = (—1)""1 . #fixed points of the involution.

We will define one involution per arrowflow.

A AT
d

/‘\
7 9
8

TN
AN

catalyst arrowflow



Arrowflows

Def. An arrowflow is a multiset of n directed edges of E.
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Def. An arrowflow is a multiset of n directed edges of E.
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det M( T) = ZA arrowflow Z(o‘,f) catalyst of A sgn(o).

Theorem

_Jo if Ais zero-sum,
Z(a,f) catalyst of A sgn(o) - (—1)”_1 if Ais unital.



Arrowflows

Def. An arrowflow is a multiset of n directed edges of E.

/:bﬁ\/ N7
A AN AN

zero-sum zero-sum unital

det M( T) = ZA arrowflow Z(o‘,f) catalyst of A sgn(o).

Theorem

_Jo if Ais zero-sum,
Z(a,f) catalyst of A sgn(o) - (—1)”_1 if Ais unital.

Cor. det M(T) = (—1)""1 . #unital arrowflows = (—1)""1(n — 1)2"—2.



The zero-sum involution

Second step:
catalyst (o zero-sum arrowflow A
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Second step:

catalyst (o zero-sum arrowflow A
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The zero-sum involution

Second step:
catalyst (o

AN
AN

Changes o by a transposition.
It's an involution.
This shows > sgn(o) = 0.

(o,f) catalyst of A

zero-sum arrowflow A
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The zero-sum involution

# catalysts (o,f)

det M(T) = > sgn(o) d(1,0(1))---d(n,a(n))

oES,

- Z(a,)") catalyst Sgn(a)
- ZA arrowflow Z(gf) catalyst of A sgn(a)

. 0 if Ais zero-sum,
Z(cf,f) catalyst ofAsgn(U) - (_1),.,_1 if Ais unital.

Cor. det M(T) = (—1)""1 - #unital arrowflows = (—1)""1(n — 1)2"2.



The zero-sum involution

# catalysts (o,f)

det M(T) = > sgn(o) d(1,0(1))---d(n,a(n))

oES,

- Z(a,)") catalyst Sgn(a)
- ZA arrowflow Z(gf) catalyst of A sgn(a)

] if Ais zero-sum, v’
Z(cf,f) catalyst ofAsgn(U) - (_1),.,_1 if Ais unital.

Cor. det M(T) = (—1)""1 - #unital arrowflows = (—1)""1(n — 1)2"2.



The unital involution

Third and final step:

Lindstrom ‘73, Gessel-Viennot ‘85

G acyclic digraph. Two sets {v(1),...,v(n)} and {V/(1),...,v/(n)} of
distinguished points. Then,

Z sgn(op) = Z sgn(op)

P:(Plv'"ﬂD") PI(Pl,...,Pn)

non-intersecting

where P; is a path v(i) — v/(op(i)).



The unital involution

Third and final step:

Lindstrom ‘73, Gessel-Viennot ‘85

G acyclic digraph. Two sets {v(1),...,v(n)} and {V/(1),...,v/(n)} of
distinguished points. Then,

Z sgn(op) = Z sgn(op)

P:(Plv'"ﬂD") PI(Pl,...,Pn)

non-intersecting
where P; is a path v(i) — v/(op(i)).
Strategy: given A unital arrowflow, construct G, such that

{catalysts of A} «— {n-paths in Ga}
(O‘, f) — P(O-J') = (Pl, ooog P,,)

and such 3! non-intersecting P.
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A glimpse at G,

unital arrowflow / >
8



