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(complex) Hadamard matrix — notation

Df. (real) Hadamard matrix H or size N is a F1-valued square matrix with row
(columns) mutually orthogonal;

HH" = Nly
Df. H is called complex HM, (written H € H(N)), iff
H e VNUN)nTY

Df. CHM H € H(N) is of Butson type, (H € BH(N,q)), iff its entries are

g™-roots of unity

additional structure(s) are distinguished: R-dual (H®(N?)), I'-dual (H"(N?)),
two-unitary (H2(N?)) Hadamard matrices

can be mixed with Butson classes, e.g., BH?(9, 6)
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motivation
H(6) classification

= { affine and non-affine families } U { isolated representative }
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isolation; {VH/GH(,igh(H) H' ~H } —> H is isolated
tools
» defect d: H — {0} UN
one-way criterion:
if defect vanishes then matrix is isolated!!
> commuting squaresm

constructions
» numerical search
» theorem!!l: N e P = Fy = F](VO)
> specific construction from MUPBE!
» this contribution
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application — 7

» classification

conjecture: only non-isolated CHM provide two-unitary structures
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Dy =diag{1,1,1,1,—y*, —4* 1,4,1}
7 3315
Dp=diag{1,1, 1.1, -1~y " 6. &v} + e= —+io— — DLNVDReE ()

» self-testing and quantum non-locality — is there any quantum advantage that
can be obtained when using isolated structures?
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special construction (L)
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special construction (L)

core(Y')
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special construction (L)

1 11><(N—1) ]

Ly = S (CNXN
1V=Dx1 core(Ly) |

* i * >k
. co ¢ 1 c Cn—1 Ch_
core(Ly) = circ A I Bt N IV B ¢ eC
CO C[) Cl Cl C?’L—l Cn_l
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special construction (L)

2k

1

k equations with 0 <i <k : Zcos (aj + Q(j4+144) mod (2k+1)) =3
] O

. . . 1

k equations with 0 < i < k Z cos ( Q(j+1+4) mod (2k+1)) )

aj € [0,2m)
2(k 4+ 1) = (N + 1)/2 trigonometric equations with 2k + 1 = (N — 1)/2 real variables
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special construction (L)

for N =3+ 4k
k=0=L~F"
—1—=L~FY

k=2=— L1 analytic result (unpublishable)
((1/1539643897437389303575570152690478054438 X (921795608060322020547744137698129733 X ...
k=3= Lis analytic result (Markus Grassl and Magma)
k=4
: = numerical confirmation that isolated solution exists
k=31

all isolated

conjecture:
Vike{o1,2, 1 3ren@ar) | L = L ¢ BH(3 + 4k, q) for any ¢ > 2
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https://magma.maths.usyd.edu.au/magma/

special construction (V)

VN = circ|[eg, c1, c, ..., en—1] € CN*N c; €C

this undephased form provides unitary constraints:

N—
Z 0 for ke{l,2,..N-1}
=0 (J+k)modN

cyclic-N-roots...

conjecture:
V> the solution of x contains at least one isolated CHM matrix V() which
is not of Butson type

confirmed numerically for 6 < N < 64
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algebra of monic palindromic polynomials

py = (1,-3,9,-16,—12,6,3,6,—12, —16,9, —3,1)

py = (1,6,15,26,3, —24, —27, —24, 3,26, 15,6, 1)

pv; = (1,16,64,16, —332, —1040, —1984, —2832, —3194, ...)
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conclusion

0)

» (probably) infinite constructive family Lg 4y, of isolated CHM

» the same for V]S,O)

» the same for many other configurations...
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future directions

real and practical application(s)
analytic methods

more tools

classification of isolated cases
are there any isolated BH(8, ¢)?

mystery of N =11
are there other “reclusive” dimensions like this?
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thank youl!
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