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0 Difference Sets, Relative Difference Sets and Related Objects
© Difference sets — Relative Difference Sets
© Relative Difference sets — Circulant Weighing Matrices

@ Aside: Online Combinatorial Databases
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Difference Sets

Definition
A (v, k, \)-difference set in a group G of order v is a subset

D ={dy,do,...,dg}

of G such that every nonzero element of G has exactly ) representations as d; — d;.

The complement of a (v, k, A\)-DS is a (v,v — k,v — 2k + X)-DS. J
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Example: (7,3,1)-DS = Projective plane of order 2

01 10100
0011010
{1,2,4} Cc Z7 00 01101
1 0001 10
0100011
1 01 0 0 01
1 1. 01 0 0 0]
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Singer Difference Sets

More Examples

A Singer difference set has parameters

qd+1_1 qd_l qd—l_l
g—1 "g-1" ¢-1

for d > 1 and ¢ a prime power. Singer constructed them in 1938 using PG(d, q), the
projective geometry of dimension d over GF(q).

Foreshadowing

The complement of a Singer difference set has parameters

d+1
q -1 4 a4
Z - -1
( 7—1 yq 5 q (q )>

>
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The La Jolla Difference Set Repository

Difference Sets
A (vk)-difference set in a group G is a subset D = {d,, d,, .., diJ of G such that each nonzero element of G can
each be represented as a difference (dj - dj) in exactly  different ways.

page bout p a

P 00000 passing basic BRC) are listed here, and an

an i t known for large v are Paley, which are
easily constructed, so those are omitted for v>1000.

‘Some constructions have not been included yet. If you have any difference sets or nonexistence results not

i this database, or find any errors, please let me know. The Multiplier Conjecture link below has
information about recent computations for v<1o?.

Search for Difference Sets

vrange: sve
Krange: 50 ke 100
Arange: <

nrange:

Group: cyclic

Comment:

status: exists

SEARCH | REsET lDA
——
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LJDSR Query Results

Gordon (IDA/CCR

103
107
127
131
139
143
151
163
167

Search Display

k A n G staws comment
51 25 26 [103] Yes Paley

53 26 27 [107] Al  Paley

63 31 32 [127] All  (6.2)Singer
65 32 33 [131] Yes Paley

69 34 35 [139] Yes Paley
7135 36 [143] Al TPP(11)
75 37 38 [151] Yes Paley

8L 40 41 [163] Al  Paley

83 41 42 [167] Yes Paley

89 44 45 [179] Yes  Paley

95 47 48 [191] Yes Paley

99 49 50 [199] Yes Paley

85 21 64 [341] Al (4,4) Singer
57 8 49 [400] Al  (37)Singer
73 9 64 [565] All  (38)Singer
91 10 81 [820] Yes (3,9) Singer
50 1 49 [2451] Yes  (2,49) Singer
54 1 53 [2663] Yes  (253)Singer
60 1 59 [3541] Yes (259) Singer
62 1 61 [3783] Yes (261) Singer
65 1 64 [4161] Yes (2,64) Singer
68 1 67 [4557] Yes  (267) Singer
721 71 [5113] Yes  (2,71)Singer
74 1 73 [5403] Yes  (273) Singer
80 1 79 [6321] Yes (279) Singer
82 1 81 [6643] Yes (281) Singer
84 1 83 [6973] Yes (2,83) Singer
90 1 89 [8011] Yes  (2,89) Singer
1 a7 [eN071 Yes (.07 Sinoer
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LJDSR Query Results, cont'd

Cyclic (127,63,31) difference sets

(6,2) Singer
There are exactly 6 such difference sets

PG(6,2)

1, 2, 3, 4,5 6 8 910 11,
12, 15, 16, 17, 18, 20, 22, 23, 24, 29,
30, 32, 33, 34, 36, 39, 40, 44, 46, 48,
49, 55, 57, 58, 59, 60, 64, 65, 66, 68,
69, 71, 72, 75, 78, 80, 83, 88, 91, 92,
93, 96, 98, 99,101,105,169,110,113,114,
116,118,120

Legendre Sequence

3 6, 7,10, 12, 14, 26, 23, 24,
27, 28, 29, 33, 39, 46, 43, 45, 45, 48,
51, 53, 54, 55, 56, 57, 58, 59, 63, 65,
66, 67, 75, 77, 78, 80, 83, 85, 86, 89,
20 2, 93, 95, 96, 97,101,102, 105,
166,108,109, 110,111,112,114,116, 118, 119,
123,125,126

Hall Sextic Residue Sequence

1, 2, 4, 5, 8,1, 13, 15, 16, 19,
20, 25, 26, 27, 36, 31, 32, 33, 35, 38, lD E
—

4e, 47, 50, 51, 52, 54, 60, 61, 62, 63,
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Group Rings

For a group G, the group ring Z|G] is the free Z-module with basis G:

Z|G] = Zagg | ag € Z
geG

Group Ring Operations

| A\

A+B = (Z agg) + (Z bgg> = Z(ag+bg)g
geG geG geG
AB = (Z agg) (Z bhh> = > agbn(gh)
geG heG g,heG
A—l _ Zagg_l

geG L
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Difference Sets: group ring version

Definition |
Let D =}, cpdi- D is a difference set if:

DDt =k +\G - 1g),

G=1Z;, D=g'+¢*+g¢*

DD = (¢ + @ +g)(® + 4"+ ¢°)
:3g0+gl+92+g3+g4+g5+g6
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Related object: Circulant Weighing Matrices

Definition

A circulant weighing matrix CW (n, k) is an n X n cyclically symmetric (0, =1)-matrix M such
that

MMT = kI,.
Example: CW (7,4)
[— + + 0 + 0 0]
0 — + 4+ 0 + 0
0 0 — + + 0 +
+ 0 0 — + + 0
0 + 0 0 — + +
+ 0 + 0 0 — +
+ + 0 + 0 — | |
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Circulant Weighing Matrices, cont'd

CWM Group Ring Equation
C =) cqg with ¢4 € {0,%1}, and
CC™' =k.

Facts about CWM's
e k = s? for some positive integer s,

@ Let P be the set of +1's, and N the —1's.
WLOG |P| = (s? + 5)/2, and |N| = (s*> — 5)/2

o A CW(n, k) is called proper if no translate has all of P and N in a subgroup of Z,.

IDA
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Related object: Signed Difference set

Signed Difference Set Equation
D = ayg with a4 € {0,£1}, and

DD =k + (G - 1g),

Example: (7,6, —1)-SDS in Z;

0 + 4+ — + — -]
-0 + + - + -
= 0+ + — +
+ - = 0 + + -
-+ - = 0 + +
+ -+ - - 0 +
+ + - + - — 0] |
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Relative Difference Set

Definition

Let |G| = mn, N a normal subgroup of order n. A (m,n, k, \)-relative difference set R of G
relative to IV is a k-element subset such that the differences of distinct elements of R contain
every element of G\ N exactly A times, and none of N.

Group Ring Equation

RR'=k+ )G - N),

{0,3,5,13} is a (7,2,4,1)-RDS in Z14 relative to N = {0,7}.
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Relative Difference Sets — Difference Sets

Lifting Difference sets
If Ris an (m,n,k, \)-RDS in G relative to N, then G/N contains an (m, k, An)-difference set.

The (7,2,4,1)-RDS {0,3,5,13} is a lift of the (7,4,2)-DS {0,3,5,6} in Zr.

When does a difference set have a lifting? I
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Lifts of Trivial Difference Sets

Lifts of (m, m, m)-DS

@ These are called semiregular
o For p prime, a (p®, p®, p®, p®~?)-RDS exists.

@ Semiregular RDS are related to Hadamard matrices.

Lifts of (m,m — 1, m — 2)-DS

@ For g a prime power, and any divisor d of ¢ — 1, a (¢ +1,(¢ — 1)/d, ¢, d)-RDS exists.

@ Are there lifts for m — 1 not a prime power?
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Multipliers
Definition
For t € Z, if x — tx takes D to D+ g for some g € G, then t is called a (numerical) multiplier.

For the (7,3,1) DS {1,2,4}, 2D = {2,4,1} = D.
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Multipliers

Definition

For t € Z, if x — tx takes D to D+ g for some g € G, then t is called a (numerical) multiplier.

For the (7,3,1) DS {1,2,4}, 2D = {2,4,1} = D.

If G is abelian, some translate of D is fixed by all its multipliers.

First Multiplier Theorem

If D is a difference set, p > A is a prime dividing kK — X\, p f v, then p is a multiplier of D.
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Multipliers

Definition

For t € Z, if x — tx takes D to D+ g for some g € G, then t is called a (numerical) multiplier.

For the (7,3,1) DS {1,2,4}, 2D = {2,4,1} = D.

If G is abelian, some translate of D is fixed by all its multipliers.

First Multiplier Theorem

If D is a difference set, p > X is a prime dividing kK — X\, p f v, then p is a multiplier of D.
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Applications of Multipliers

Theorem (G., 2020)

Let G = 7Z, x H, where ged(p, |H|) = 1.
If a (v, k, \)-DS exists in G with multiplier m, s = ordg(m),
then orbits of (m®) are (0, %) and ((i),, h), for o = ord, m®.

If D has a o-orbits and b 1-orbits,

k = ao+ b,
b(b—1) < A(|H|=1),
a-o0—1) < Ap-1)
IDA
Gordon (IDA/CCR-La Jolla) RDS
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Difference sets with small \

Planar Abelian Difference Sets

All (v,k, 1) difference sets with & < 2-10'° have k — 1 a prime power.
Peluse showed # non-prime-powers < x is o(z/ log ).

Biplanes

| A\

The only (v, k,2) difference sets with k < 100 have k = 3,4, 5,6, or 9, with at most six
exceptions.

The only (v, k,3) difference sets with k < 10'° have k = 6 or 7, with at most six exceptions.

IDA
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Multipliers for other objects

Some translate of a DS is fixed by all its numerical multipliers.

For SDS, CWM and RDS, this isn’'t always true:

Some translate of a (v, k, \)-SDS, CW (v, k) or (m,n, k, A)-RDS is fixed by any one of its
multipliers.

If ged(v, k) = 1, then some translate is fixed by all its multipliers.
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Multipliers

Multiplier Facts

@ All of the objects in this talk have some kind of multiplier theorem.

@ Weaker than difference set theorems.
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Multipliers

Multiplier Facts

@ All of the objects in this talk have some kind of multiplier theorem.

@ Weaker than difference set theorems.

RDS Multiplier Theorem

Let exp(G) = v*, and R be an (m,n, k, A\)-RDS. Let ¢ be a multiplier of the (m, k,n\)-DS rel

prime to v = mn. Let ki|k, k1 = p{' ---pSr, and ky = k1 /ged(v, k1). For each p;, define

p; if p; does not divide v

g =< b if v* =plu;, ged(pi,u;) =1, where [; is an integer such that

f

ged(li,pi) =1 and l; =p; (mod u);.

If for each i there exists an integer f; such that qu" =t (mod v*), then ¢ is a multiplier of R.
T 4
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Cyclic lifts of nontrivial difference sets

Gave conditions for a multiplier of D to be a multiplier of R,
Many nonexistence results,

Found all cyclic RDS with & < 50,

All are lifts of complements of Singer PG(d, q) difference sets.

e 6 o6 o

’ d \ q H m \ n \ k \ A H # inequivalent
212 712 4|1 1
2131329 |3 2
214121616 | 2 1
412131216 | 4 2
21531 |4|25|5 2
3131402279 3
2| 7576|497 2 3
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Lifts of nontrivial DS, cont'd

Arasu, Jungnickel, Ma and Pott, 1995

o Looked at (m,2,k, \)-RDS

@ No such liftings of Singer, Paley, Twin Prime Power and their complements,...

Only complements of Singer DS have lifts with n = 2
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Lifts of nontrivial DS, cont'd

Arasu, Dillon, Leung and Ma, 2001
Theorem: A cyclic

d+1 d—1(., _
(q Lot g (q 1)>_RDS
qg—1 n
exists iff
g—1) qoddordodd

n | (
n|2(g—1) g¢andd even

This settles the case of lifts of complements of Singer DS.
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Lifts of nontrivial DS, cont'd

Pott, 1995

@ Extended Lam'’s table to extensions of Singer DS, k < 64 for n odd.
@ Asked whether any other difference sets have liftings for any n.
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30 years later, can we extend the computations?

Given a (m, k, An)-DS:

© Check nonexistence theorems.

@ Find its set of multipliers Mj.

@ Find multipliers My = {t1,t2,...,ts} C M of R.
(Ms), ged(mn, k) =1,

o M= { (t), else
© Search for a collection of orbits of M which form an RDS.
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Intersection Numbers

Definition
Let b; be the number of elements of an RDS equal to i mod n.

where [b;| < m.

n—1

> b=k,
=0
1

S

B=k+X (m—d),
0

~.
|

For a (m,n, k, \)-RDS with d = gcd(n, m):

Gordon (IDA/CCR-La Jolla)
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Example: Complement of the (73,9, 1)-Singer difference set D

Does the (73,64, 56)-DS lift to a (73,7, 64, 8)-RDS?
2 is a multiplier of D, so M; = (2)g

M = (2)g in Zs1

ged(73,7) =1, so Zs11 = Zrs X Z.

Orbits of M are (0); and (01)9, ... (08)9.

D = (1)g (or any of the 9-orbits)

Gordon (IDA/CCR-La Jolla) RDS
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Orbits in the (73,7, 64,8)-RDS

73] | (0)1 | (1) | (3)3 |
01 || (Oh (219)3 (73)3 1
(Lo || (779 | (1)9 (37)9 (183)9 | (55)9 (7T5)9 (223)9 || O
(3o || (119)9 | (23)9 (79)9 (85)9 | (3)9 (19)9 (111)9 || 9
(B)o || (Mo | (39)9 (93)9 (239)9 (B)o (83)9 (87)9 || 9
(9o || 91)9 | (9)9 (5T)9 (109)9 | (41)g (187)g (255)9 || 9
(11)9 || (21)9 | (11)9 (15)9 (95)9 | (4T)9 (103)9 (117)9 || 9
(13)g || (175)9 | (43)9 (29)9 (51)9 | (13)g (31)9 (125)9 || 9
(17)9 || (63)9 | (53)g (191)g (107)g | (1T)9 (45)9 (59)9 || 9
(25)9 || (35)9 | (25)9 (123)9 (127)g | (27)g (61)9 (171)9 || 9
[ 10 | 18 \ 36 I
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Orbits in the (73,7, 64,8)-RDS

[73] || (0)1 | (L)s \ (3)3 |
(0)1 || (O) 1
(1)9 0
(3)0 || (119)9 9
(5)9 (83)9 9
(99 (187)9 9
(11)9 (103>9 9
(13)9 (29)9 9
(17>9 (191)9 9
(25)9 (61)9 9
[ 10 | 18 \ 36 I
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Known difference sets with 50 < k < 256

@ 93 non-Singer-DS-complements, all eliminated except:
o PG(5,3): (364,121,40), n =5
o PG(7,2): (255,127,63), n = 3,7
@ 8 Singer complements, found all lifts except
o PG(2,11): (133,121,110), n = 5,10
o PG(2,13): (183,169,156), n = 2,3,4,6,12
@ Some DS parameters are open ((2185,105,5), (1561, 105,7), (1111,111,11), ...)

@ Some parameters may have other difference sets

v,

The only nontrivial difference sets with lifts are Singer complements.

1IDA
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RDS — CW

A CW(n, k) is an n x n (0,%1)-matrix M such that MM = kI,,.

Theorem (Ang, 2003)

If a cyclic (m,n, k, \)-RDS exists with m odd and n = 2 (mod 4), then there is a proper
CW (mn/2,k).

Product construction (Arasu and Seberry, 1998)

If proper CW (n1, k1) and CW (ng, ka) exist with gcd(ni,n2) = 1, then there is a proper
CW(anLQ, klk‘g).

A\,

Gordon (IDA/CCR-La Jolla) RDS May 26, 2025
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Other CW Facts

Theorem (Leung and Schmidt, 2011)

For k an odd prime power, there are a finite number of proper CW (n, k).

Settled Cases
All proper CW (n, k) are known for k = 2, 3, 4 (and maybe 5).

IDA
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k Known Proper CW (n, k)

22 2m, 7
32 | 13, 24, 26 m

42 | 14m, 21, 31, 62, 63

52 | 31,33, 62, 71, 124, 142 ® RDS

62 | 26m, 48m, 91, 168, 182 e product

72 | 57,87, 114, 171 .
82 42m’ 62m, E’ m’ 217' 254’ @ ConStrUCtlon

9% | 91, 121, 182, 312, 364
10% | 62m, 66m, 142m, 217, 231, 434, 497, 868, 994

@ other constructions

112 | 133, 665 @ computer search

122 | 182m, 336m, 273, 403, 744, 806, 819

132 | 183, 549 @ |RDS & product

142 | 114m, 174m, 342m, 399, 609, 798 v

15% | 403, 429, 744, 806, 858, 923
162 | 146m, 254m, 273, 341, 434m, [ 511 ] 651, 682, 819, 889

172 | 307
182 | 182m, 242m, 624m, 847
192 | 381
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Aside: Online Combinatorial Databases

October 2021 email from Robert Craigen

@ Arranged a Zoom meeting to discuss archiving “Hadamardish” material,

@ ldeally comprehensive, permanent, up-to-date,...

@ Email followups, but no consensus about the “right” way.

The discussion had a big impact on my thinking

@ | worry about my site's permanence,
@ Went down many rabbit holes about FAIR data,...
@ Mathematics is way behind other disciplines

@ Progress is happening, slowly.
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One Solution

@ Save data as a json file

@ Write basic python or sage code to read, manipulate it in a jupyter notebook,
@ Save as a github repo,

@ Mirror on zenodo, getting permanence and a DOI.
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Zenodo Mirror

Publshed October 3, 202¢ | Verson 1.1

La Jolla Difference Sets Repository

Gordan, Dariel .

Notes

14 you e i dataset, lease it t using the metadata fomtis fie.

Files

ference.sets main.ip

B diference-s

 iference-sersmai
D cmanonet
0 ucense
0 REsoMERd
D codemerason
0 oiference_sesipyb
0 ssison
D s cotepy

0 requiremens o
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s50sytes
sy
1518
11k
w0ale
s22u8
soe

© views & pownLoaDs

> Showmore deais

Versions

Version 11 ozt

Version 1100 [
n e alversons by sing the D01

it all versions? You
2attzencco

This DO represe
alaays tesolve 1o he latest one. Read more.

External resources
Available in

dmgordoldifference-sets
Release:v11

Indexed in

G opeare

Detalls

Resource type
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Github Repo

Product Enterprise - Pr

H dmgordo / difference-sets ruic
O code O lsues I Pullrequests  © Acons [ Projects O Seariy L Tnsights

o © 318 Qs -

Dataset of abelian difference sets and
o0 O3commis - existence results.

¥ main -

dmgorda minor fies

O cmmonr First commit ofdifference sets data for github repository astyear | 0 Readme
& viewlicense
License First commit of difference sets ta for github repositar astyear
o B @ Gite this reposit
O reaomEmd First commit of difference sets ata for github repositr astyear | A Activiy
[ codemetajson First commit ofdiffrence sets cta or ithub repository styear | B 0518
®
[ diference setsipynt. Firs commit of difference sets ata fo gthub repository wstyerr |y
O dsison Updted Pley ciference sets marked ‘Al which should,.  Smonthsago | Report reposiory
[ ds.codepy minor fxes e
D requirements.xt Firs commit ofdifference sets ta or ithub repository wstyesr | oct 2024 update
0 README b License = | 2releases

. . Packages
The La Jolla Difference Set Repository P
The Ls ols Combinstorics Repository is  website where  maintin database of covering designs, diference Languages

s This repostory s o

presented here as a Jupyter notebook.

 Jupytr Notsbonk o
This is ble, Int bl o Pbonson
(see The FAIR Guiding Principles for sclentific data management and stewardship for detals. Afer researching

in implementing it as a jupyter
Notebook seemed lie the best current option.

“This repository contains a json file with al the data from the paper, and python code to read it and display the.
results. It can be inder or downloaded and run locall

P o under the CC-8Y-4.0
attribution to the original work)

Torunthe notebook wit binde,cick here; ENERENEEE l
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Jupyter Notebook

Z Jupyter difference_sets Last Checkpoint: 1 minute ago
Fle gt Vew mun

B+ X000

Kernel Settings  Help

= C o Markdown

)

Not Trusted

Jupytertab (7 8 Python 3 (pykernel) O = PBinder OGithub & & &Download

L] -
~ Difference Sets
A (v,k, ) difference setin a group G of order vis a subset {d1, dy, ... dy} of G such that D — ¥ d; in the group ring Z|G] satisfies
DD =n+ )G,
wheren = k— A
e . toaccessit the code:

Arun *ds_code.py’

read 1442276 data itens

The website I h

o ranges of the p:

1If you just want to replicate that here, you can ignore

everyting blon,an st ubstiutemumbers ofnterest i the ranges o , . and A

T = init_tab()
for D in diffsets:
v = get_v(D)
k = get k(D)
Tam = get_lan(D)
© = get 60)

£F et status(®) in au
1 v in range(3, 16
L'k i rane( (v /72, (ve1)/72)
41 1an tn rangal (21772, o/ 12)
if len(G)==1: # only look at cycl
et ey ()

Show_tab(T)
VK lambda 0 stats  comment
7 s 12 Al @2singer
nos 2 3 A paly
57 3 4 Al G2singer
v 9 a5 A Py
z on s s Al paly
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