Complex Hadamard matrices

with a special structure |i

Karol 2yczkowski
Jagiellonian University (Cracow)
& Polish Academy of Sciences (Warsaw)

in collaboration with
Wojciech Bruzda, Grzegorz Rajchel-Mieldzio¢
(Krakow /Warsaw)

Hadamard Matrices, Sevilla May 29, 2025

KZ (IF UJ/CFT PAN ) Structured Hadamard matrices 11.07.2017 1/ 46



Hadamard matrices = real quantum gates

Hadamard matrices are orthogonal (up to a rescaling)

as they consist of mutually orthogonal row and columns,

HH* = N1 = H' := H/VN is unitary

N = 2 Hadamard matrix = one—qubit Hadamard gate

|11 1|11 )

Hy = [ 1 1 ] so that H, = 7 [ 1 1 } is orthogonal.
The most often used gate in Quantum Information Theory,
as (due to rotation of the Bloch sphere by 7 along the axis intermediate
between directions x and z) it forms a quantum superposition

H>|0) = %(I0> + 1))
and

Hal1) = 2(10) — [1)).

[in quantum information one denotes H, (no primes) for unitary]
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Quantum computing

The basic building step is based on Hadamard matrices:

one qubit Hadamard matrix, Hx (of size two)

multi—qubit Hadamard matrix, Han = H3'" (of size N = 2")

Examples:

a) two qubits, n =2

Note that Hs|0,0) = (H> ® H>)|0) ® |0) = 3[|00) + |01) + [10) + |11)]
corresponds to the superposition: 0 + 1 4+ 2 + 3.

b) n qubits: consider the n—qubit state

[¥) = Hy"|0,....0) (%)
20— 1
which leads to the uniform superposition, [¢)) = ﬁ Yo X

and allows to process all N = 2" numbers "in parallel".
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Complex Hadamard matrices

Hadamard matrices of the Butson type

composed of g-th roots of unity; H € H(N, q) iff
HH*=N1, (Hj)?=1 for ij=1,...N (1)

Butson, 1962

special case: g =4
H e H(N,4) iff HH* = N1 and Hj = £1, %
(also called complex Hadamard matrices, Turyn, 1970)

Complex Hadamard matrices (general case)

HH* = N1 and |Hjj| =1,
hence Hjj = exp(i¢;;) with an arbitrary complex phase.
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Complex Hadamard matrices do exist for any N !

example: the Fourier matrix

(Fn)jk == exp(ijk2m/N) with j, k=0,1,...,N—1. (2)

special case : N =14

Fa =

[ G T S Gy

The Fourier matrices are constructed of N-th root of unity, so they are
of the Butson type,
Fn € H(N, N).
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Equivalent Hadamard matrices

H ~H
iff there exist permutation matrices P; and P, and
diagonal unitary matrices D; and D, such that

H' = D1Py H PyD; . (4)

Dephased form of a Hadamard matrix

Hij=Hji1=1 for j=1,...,N. (5)

Any complex Hadamard matrix can be brought to the dephased form
by an equivalence relation.

example for N = 3, here a € [0,27) while w = exp(i - 27/3), so w3 =1
2

w 1 w 1 1
1 1 |~|1 w w
1 w 1

1
w2
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Classification of Complex Hadamard matrices |

all complex Hadamard matrices are equivalent to the real Hadamard
(Fourier) matrix

H2=F2=[1 _11] (7)

all complex Hadamard matrices are equivalent to the Fourier matrix

2

1 1 1 '
Fa=|1 w w2 |, w=e¥/3 (8)
1 wo w

U. Haagerup, Orthogonal maximal abelian *-subalgebras of the N x N
matrices and cyclic N-rots,
in Operator Algebras and Quantum Field Theory, 1996.
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Classification of Complex Hadamard matrices ||

N=24

Lemma (Haagerup). For N = 4 all complex Hadamard matrices are
equivalent to one of the matrices from the following 1-d orbit, w =i

11 1 1

1 1 wh-exp(i-a) w? wd-exp(i-a

F@) = | 1y oelia) W weelia) | e o,
1 wd-exp(i-a) w? w!-exp(i-a)

=5
All N =5 complex Hadamard matrices are equivalent to
the Fourier matrix F5  (Haagerup 1996).

i

N >6

Several orbits of Complex Hadamard matrices are known, but the problem
of their complete classification remains open!

| A
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1-d family by Beauchamp & Nicoara, April 2006

1 1 1 1 1 17
1 -1 —-1/x -y y 1/x
@,y |1 —Xx 1y 1/z -1/t
B =11 _yy 1)y -1 -1/t 1/t
1 1)y z —t 1 —-1/x

| 1 X —t t —X —1 |

where y = exp(i s) is a free parameter and

142y +y2 £ V2 /142y +2y3 +y*
B 142y —y?

x(y)

_ 1—i—2y—y2
Cy(—1+2y +y?)

z(y)  tly) =xyz

W. Bruzda discovered this family independenty in May 2006
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For Complex Hadamard matrices of size N =2,...16

see online Catalog at
http://chaos.if.uj.edu.pl/~karol/hadamard

(improved engine by Wojciech Bruzda, some new data...)

If you know about new complex Hadamard matrices
(or you found a misprint in the catalogue,
or you wrote a great paper on this topic
which should be mentioned in the Catalogue)

please let know Wojtek (and me)
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Wawel castle in Cracow
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Composed systems & entangled states

bi-partite systems: H = Ha ® Hp
e separable pure states: 1)) = |¢pa) ® |¢B)

o entangled pure states: all states not of the above product form.

Two—qubit system: 2 x 2 =4

Maximally entangled Bell state |o ") := %(\Om + |11>) distinguished by
the fact that reduced states are maximally mixed,
e.g. pa=TrplpT) ("] = 31

Maximally entangled states of d x d system

Define bi-partite pure state by a matrix of coefficients,

Then reduced state pg = Trg|¢) (1| = ITT.
It represents a maximally entangled state if pg = [TT = 14/d, which is
the case if the matrix U = v/dT of size d is unitary.
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Multipartite entangled states

k— uniform state of n subsystems

Consider a state of n subsystems with d levels each, |¢)) € HE".

Such a state is called k-uniform if for any choice of part X consisting of k
subsystems out of n the partial trace over the part X consisting of
remaining n — k subsystems is maximally mixed,

1
Trg ) (6] = — Lo 9)

v

Examples
a) 2—qubit state |00) + |01) + |10) — |11) is 1—uniform (Bell-like)

i 1 ] is Hadamard !)
b) 3—qubit state |GHZ) = (]000) + |111)) is 1-uniform
c) there are no 2—uniform states of 4 qubits,

but they exist for larger systems...

(as the coefficient matrix [ =

v
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Hadamard matrices & quantum states

A Hadamard matrix Hg = H§®3 of order N = 8 implies

1 1 1 1 1 1 1 1 1111111
1 -1 1 -1 1 -1 1 -1 01 01010
11 -1 -1 1 1 -1 -1 1 001100
1 -1 -1 1 1 -1 -1 1 N 0011001
11 1 1 -1 -1 -1 -1 1110000
1 -1 1 -1 -1 1 -1 1 0100101
11 -1 -1 -1 -1 1 1 1000011
1 -1 -1 1 -1 1 1 -1 0010110

This 'orthogonal array’
allows us to construct a 2—uniform state of 7 qubits:

|®;) = |1111111) + [0101010) + |1001100) + |0011001) +
1110000) + |0100101) + [1000011) + [0010110).

a simplex state |®7)
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Examples of 2—uniform states obtained form H;,

8 qubits
|®g) = |00000000) + |00011101) + |10001110) + [01000111) +
|10100011) + 11010001) + |01101000) + |10110100) +
111011010) + |11101101) + |01110110) + [00111011).
9 qubits
|®9) = ]000000000) + |100011101) + [010001110) + |101000111) +
|110100011) + (011010001) + [101101000) + |110110100) +
1111011010) + [011101101) + |001110110) + [000111011).
10 qubits (note what Hadamard matrices are good for :)
|®10) = ]0000000000) + |0100011101) + |1010001110) + [1101000111) +

0110100011) + |1011010001) + |1101101000) + |1110110100) +
0111011010) + |0011101101) + |0001110110) + |1000111011),
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Combinatorial designes

= An introduction to "Quantum Combinatorics”

A classical example:
Take 4 aces, 4 kings, 4 queens and 4 jacks
and arrange them into an 4 X 4 array, such that

a) - in every row and column there is only a single card of each suit

b) - in every row and column there is only a single card of each rank
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Combinatorial designes

= An introduction to "Quantum Combinatorics”

A classical example:
Take 4 aces, 4 kings, 4 queens and 4 jacks
and arrange them into an 4 X 4 array, such that

a) - in every row and column there is only a single card of each suit

b) - in every row and column there is only a single card of each rank

Ad KO QU &
KO A& J& QO
Q% JO AO K
J& O K& AQ

Two mutually orthogonal Latin squares of size N = 4
2 MOLS(4) = Graeco—Latin square !
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Mutually ortogonal Latin Squares (MOLS)

&) N = 2. There are no orthogonal Latin Square

(for 2 aces and 2 kings the problem has no solution)
Q) N = 3,4,5 (and any power of prime) = there exist (N — 1) MOLS.
&) N = 6. Only a single Latin Square exists (No OLS!).
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Mutually ortogonal Latin Squares (MOLS)

&) N = 2. There are no orthogonal Latin Square

(for 2 aces and 2 kings the problem has no solution)
Q) N = 3,4,5 (and any power of prime) = there exist (N — 1) MOLS.
&) N = 6. Only a single Latin Square exists (No OLS!).
Euler’s problem: 36 officers of six different ranks from six different units
come for a military parade Arrange them in a square such that: in each
row / each column all uniforms are different.

& | | B2
&27| @] B
o 62| @3

No solution exists ! (conjectured by Euler), proof by:
Gaston Terry "Le Probléme de 36 Officiers”. Compte Rendu (1901).
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Mutually ortogonal Latin Squares (MOLS)

An apparent solution of the N = 6 Euler’s problem of 36 officers.

a difference between math and physics: “imperfect realization”
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highly entangled states for higher dimensions

A pair of orthogonal Latin squares of size 3,

AB | K& | QO 0,0[1,2]2,1
KO| Q| A% | = 11,112,0/0,2
Qe | A | Kb 2,210,1/1,0

yields a 2—uniform state of 4 qutrits: (Abslolutely maximally entangled)

|w3) = |0000) + [0112) + |0221) +
11011) + |1120) + [1202) +
12022) + [2101) + [2210).

Corresponding Quantum Code: |0) — |0) := |000) + |112) + |221)
1) — [I) :=[011) + |120) + |202)
|2) — |2) :=]022) + |101) + |210)
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k—uniform states and k—unitary matrices

Consider a 2—uniform state of four parties A, B, C, D with d levels each,
d ..
|¢> = Ei,j,hm:l rij/m|’>./7 I’ m>

It is maximally entangled with respect to all three partitions:
AB|CD and AC|BD and AD|BC.

Let pascp = |[¥)(¥|. Hence its three reductions are maximally mixed,
pag = Treppasep = pac = Treppascp = pap = Tracpascp = Lq2/d?

Thus matrices U, ,, of order d? obtained by reshaping the tensor dT jj are
unitary for three reorderings:
a) wyv=1ij,Im,  b) p,v=im,jl, c)p,v=iljm.

Such a tensor I is called perfect.

Corresponding unitary matrix U of order d? is called two—unitary
if reordered matrices UR and U2 remain unitary.

Unitary matrix U of order d* with analogous property is called k—unitary
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Exemplary multiunitary matrices

Fact: there are no 2-unitary matrices of order 4 (Higuchi, Sudbery 2001)

Two—unitary permutation matrix of size 9 = 3
associated to 2 MOLS(3) and 2—uniform state |V3) of 4 qutrits

1000000UO0O
00000O0O0OT1O0
000001000
0000O0OTOTU 01
U=U; =] 00010000 0 |ecuU@
m 010000000
000010000
0010000UO00O0
000000100

Furthermore, also two reordered matrices
(by partial transposition and reshuffling) remain unitary:
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1 0000O0OTO0OTPO
000O0O0OOOTO
0 00O0O0O1O0O0O
000O01O0O0O0TPO
0010O0O0O0OO0OTPO
0 000O0OT1TO0OTPO
0 000O0OOOTO0OT1
0 0010O0O0TO0OTPO
01 00O0O0O0O0TO
1 00 00O0O0O0CTO
0 00O0OOOTUOT1

e U(9)

Ui =
mj

uh

€ U(9)

000O01O0O0O0TO

0 000O0OOOT1OQ0
00010O0O0O0TO
0010O0O0O0TO0OTO O
000O0O0O1O0O0TP
01 00O0O0O0TGO0OTO
000O0O0OO0OCTIT1TO0TU®O

UR = Uin

Jl
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Are there multiunitary Hadamard matrices?

no ford=2and N=d?=4 (tomany constraints!)

Yes ford=3and N=d?>=9 and ford=2and N=d>=38
Example: 3—unitary real Hadamard matrix of size N =23 =8
associated to the 3—uniform state |W$) of 6 qubits

-1 -1 -1 1 -1 1 1 1
-1 -1 -1 1 1 -1 -1 -1
-1 -1 1 -1 -1 1 -1 -1
1 1 -1 1 -1 1 -1 -1
-1 1 -1 -1 -1 -1 1 -1
-1 1 1 -1 -1 1 -1
-1 -1 -1 1 1 1 -1
-1 -1 -1 -1 -1 -1 1

Hix =

E)

3
g ‘
o0

Y

This unitary matrix remains unitary after any of %(g) = 10 reorderings

related to different decomposition of the hypercube with 8% = 2% = 64
entries.
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11 1 -1 1 -1 1 -1 -1
Ao =71 11 -1 -1 -1 -1 1 1|

1 -1 -1 -1 1 1 1 -1

1 -1 1 1 -1 -1 1 -1

1 -1 -1 -1 -1 -1 -1 1

1 -1 -1 1 -1 1 1 1

11 -1 -1 -1 -1 1 -1

1 -1 -1 1 1 -1 -1 -1

11 -1 1 1 -1 -1 1 -1
Ao =71 -1 -1 1 -1 -1 1 -1 -1 |/
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Multi—unitary Hadamard (and other unitary) matrices

Let H be a Hadamard matrix of size N = d¥

It is called multi—unitary

if the corresponding tensor (of size d with 2k indices) is perfect,

which means that all its %(zkk) reorderings also form a Hadamard matrix

any such Hadamard matrix generates strongly entangled quantum state!

conference Hadamard Budapest 2017: Open problems

To be done: Identify and classify
a) multi-unitary real Hadamard matrices
is there a 2-unitary real Hadamard matrix Hsg 7

b) multi-unitary complex Hadamard matrices
is there a 2-unitary complex Hadamard matrix Hzg ?
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2-unitary complex Hadamards of order d?, d >3, d # 6

two unitary permutations P,. of order d?

1. Any pair of 2MOLS(d) generates such a 2-unitary
permutation matrix P2

2. Take a tensor product of two Fourier matrices, Fy ® Fy € B(d?,d),
which is a Butson class matrix,

3. This represents a local unitary operation, so it does not change
the entanglement of the operation,

4. Thus the matrix H = Py (Fq ® F4) does the job: it is a two-unitary
complex Hadamard matrix and represents

an Absolutely Maximally Entangled (AME) state in ’H?“.

If d is a multiple of 4 and there exist a real Hadamard Hy of size d
then Py (Hyg ® Hy) forms a 2-unitary real Hadamard matrix
Bruzda, Rajchel-Mieldzio¢, K.Z (2024)
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d=6 N =d?=36 & Entangled officers of Euler

2021 Golden solution of the quantum version of the problem of 36
officers of Euler: a 2-unitary matrix Use with ratio of amplitudes equal to
the and phases multiples of wog = exp(i27/20)

Rather, Burchardt, Bruzda, Rajchel, Lakshminarayan, K.Z.

2023 alternative non-equivalent solutions by Rather, Ramadas,
Kodiyalam, and Lakshminarayan, (computer aided search)

2024 three solutions by Rather based on biunimodular vectors
(Fiihr and Rzeszotnik 2015)

2025 hand made, artisanal solution by Gross and Goedicke
Proposition 1. There exists a 2-unitary complex Hadamard matrix of

order 36 of Butson-type, Hzs € B(36,6) as all phases are multiples
of we = exp(i27/6), Bruzda, K. Z (2024)
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36 officers of Euler revisited

introductory exercise

Step i) Place six rooks on a chessboard of size six,
in such a way that no figure attacks any other:
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36 officers of Euler, step two

Step ii) Take six pieces of five other figures
and place them onto the board in an analogous way:

Latin Square of order six
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36 officers of Euler, step three...

Step iii) Color them into six colors,
so that all colors, in each row and column are different...

Place the remaining four figures, two of them in cyan and two in green,
so that all the rules of Euler are fulfilled
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36 officers of Euler, step three = no go !

Step iii) Color them into six colors, d =6 =23,
so that all colors, in each row and column are different...

iy

Place the remaining four figures, two of them in cyan and two in green, so
that all the rules of Euler are fulfilled — this is not doable ! G. Tarry
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solution exists !

d
represents moduli of superpositions,

[
Quantum solution of 36 entangled officers of Euler. Size of the figures
KZ (IF UJ/CFT PAN )

Is field c2 equal to a5?
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Quantum solution of 36 entangled officers of Euler. Size of the figures
represents moduli of superpositions, index k denotes the complex phase
exp(imk/20), e.g. field c2) denotes |%A) — |&) and is orthogonal to a5).

DA
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Full solution of the problem of 36 entangled officers of Euler
encoded in the chessboard of size 6 looks like this...
(each state [¢)j;) determines a single row of a 2-unitary matrix Usg)

[v00) = ¢|10) + aw?|43) + b|53) = c|W) + aw3|E) + b|&)

[01) = ¢|00) + b|43) + aw’[53) = c|€) + b|E) + aw’|4)

[902) = cwl?|01) + b|24) + aw®|34) = cwl?|¥) + b|A) + aw’| &)
[P10) = cwl®|23) + cw'?[50) = cwl®|A) + cwl®|d)

[911) = cw®|33) + [40) = cw®| L) + c|E)

|h12) = aw2]04> + bw®|14) 4 cw’[41) = aw?| ) + b | W) + cw’|E)

s5) = cw16]21) + cw't[54) = cwl®|A) + cwll|d),

where w = exp(iTk/20), and a® + b?> = c2 = 1/2,
while the ratio of the two sizes of the figures is equals to the
golden mean, b/a = (1+5)/2 =

It is easy to check that this constellation satisfies the desired conditions
a’), b’), c’) specified above and it deservs an appelation square.
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SOLUTION FOUND

i g (U!E)l'

block form of U block form of 7% block form of (UR]I‘
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SOLUTION FOUND

(1,2) 2,3) (1,5) (2,6) (16) (2,5)

1,1)
aw' a buw'® aw [aw® buw' bu'®
s aw  aw® bu'" but AME(4,6) state
c buw' bwl® aw® au? ]
bw'® b aw® bw® bu®  aw® aw®® ) 1 N
7 Z tijk.t M‘])Ik) 1£)
- - N o ijkt=1
3.1) 2 (3,2) 1.3) (3,5) (4,6 (3,6)
wit[awld bt buts I
cul? cwl® cwlb 1 q
a=—1 =
cwl® cuwf cw® cw'® V2(@+®) 5+5
bo” bw' awl® aw® bw'® bw'? aw
o . . - b= 1 _ [ 5+/5
(5.2) 5,3) (5,5) 5,5) e =
b b 6 15 bt V2(a’+3°) 28
c cwl®
cum cw’
bwg bwlﬁ mls Mlﬂ

Pythagoras theorem

2,,2_2_1
a+b =c" =3

Golden ratio
145
2

be=p==
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Quantum Euler problem: Zoo of non-equivalent solutions

no classical solution: no 2-unitary permutation matrix Psg
desired quantum solution: find any 2-unitary matrix Usg

2021 original " Golden solution” based on golden mean, RBBRLZ
2023 alternative non-equivalent solutions (Lakshminarayan et al.)
2024 three new solutions by Rather

2025 hand made, artisanal solution by Gross and Goedicke

2024 complex Hadamard solution of Butson-type, Hzs € B(36,6)
yields entire 19 dimensional family

Hss(a) = exp(’%B) O] exp(’%”A)
where A = A(a) denotes the matrix of 19 linear parameters
a= (a1, a1,...a19), ® stands for Hadamard product
and the original complex Hadamard solution found
is given by the phase matrix B,
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1555134244244200021555130400400024720
555131133133044402222404022022135311
335153004004000242335153220220242000

315551553553404222042224442442555131

220553333242113204442115515000113204
0403130021533512005352021530020245233

3335152240420040045153332240424424142

131555531113220220222404204440331331

1555135551312 4424424042222240435535¢H5
1252100103430321231252104541214503020 5[

525434325052432341252101430103341432

545030430103452543545030214541210125

430430054230525101541541503321252434+4

4124125453031435012502503035451435¢01

0340342524341233051451451015254500232

5450302543454121453032122543450343°01

525434501410034301434525234143523250

543452525434052325452543252101541214

B=

Hjm = exp(i Bjm27'('/6)

Bjm € [0,1,2,3,4,5] represent phases,
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reminisces from Cracow: New campus of Jagiellonian University
o F = = DQC
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Concluding Remarks

@ 2-unitary matrices of order d? (unitarity is preserved after partial
tranpose and reshuffling) represent state |AME(4,d))

@ There exit 2 — unitary complex Hadamard matrices of order d? for
d # 2 and d # 6 related to OLS(d).

@ Theorem. Absolutely maximally entangled states |AME(4,6))
of 4 subsystems with 6 levels each do exist ! (2021).
This implies existence of

@ solution of the quantum analogue of the 36 officers problem of Euler,

@ existence of 2-unitary gate Usg with maximal entangling power

© perfect tensor tjj, with 4 indices, each running from 1 to 6, to be
applied for tensor networks and bulk/boundary correspondence,

@ nonadditive quantum error correction code ((3,6,2))e which allows
one to encode a single quhex in three quhexes

o for d = 6 there exist also 2-unitary complex Hadamard matrix of
Butson-type, Hzs € B(36,6).

Question: is there a real 2-unitary Hadamard matrix of order 367
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Mathematics is like flamenco

With hard work and long practice one can develop skills to an
astonishing level — enough to dazzle an audience with beautiful,
yet utterly impractical feats
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