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Complex Hadamard Matrices

BT={zcC:|z|=1}.

m H € My(T) is called a complex Hadamard matrix of order n if it
satisfies the equation HH' = nl.

m Complex Hadamard matrices of order n is denoted by H(n).

1 i =1 =i
1 =i =1
Aalto University Non-affine Families of 8 x 8 Complex Hadamard Matrices 319
School of Electrical Tuomo Valtonen May 29, 2025
B Engineering



Complex Hadamard Matrices

BT={zcC:|z|=1}.

m H € My(T) is called a complex Hadamard matrix of order n if it
satisfies the equation HH' = nl.

m Complex Hadamard matrices of order n is denoted by H(n).

® Hi, Ho € H(n) are equivalent if Hy = DyP1H2P>D» and
permutation equivalent if Hy = PyHoP».

1 1 1 1
m H € H(n) is called dephased if its first row 1 7 =1 —i
and first column consist only of ones. 1T -1 1 -1
1 =i =1
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Families of Complex Hadamard Matrices

m Let f: D — Hy(n) be a continuous function, where D C T,

m We call the set H,Sk) := f(D) a k-parameter family of complex
Hadamard matrices.

] H,(,k) is called an affine family if f can be given in the form
f(x1,...,x) =[c-x{" -+~ x*]ij, where a; € Z and c € T.

1 1 1 1
1 ia -1 —ia
1 -1 1 -1
1 —ja —1 ia

mHe H,(,k) is used as a notation for
IH e HP st H= H.
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Known Complex Hadamard Matrices of Order 8

m Affine families:
0. 9. off. o, sif
m [solated matrices:
AL AL V. D,

m Non-affine families: M) )
Tg ', Tgg -

Affine: [4, 6, 7]; Isolated: [1, 2, 3]; Non-affine: [1, 2].
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Function Tg¢

Consider a matrix-valued function Tgc(a, b, ¢, d, e, f) =

fa bd d ab ad bc ac bd 7]
bd -a ab —d bec —ad bd —ac
d ab bdef —aef acf badf bce —ade
ab —d —aef —bdef bdf —acf —ade —bce
ac bd adf bcf —cdf —abcf —ac —bed
bd —ac bcf —adf —abcf  cdf —bcd ac
ad bc bde —ace —ac —bcd —abce cde
lbc —ad —ace —bde —bcd ac cde  abce |
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Orthogonality Constraints of Tg¢(a, b, ¢, d, e, f)

(Tec)(Tsc)' =
8 fp1/m1

p1/mi 8
—p2/m —ps/my
pa/mi —p2/my

0 0

0 0

0 0

o 0

ps/me

pz/me
8

p1/my
0

o O o

—p2/m2
—ps/mz
P /m1
8

o O oo

0
0
0
0

8
p1/m;
p2/ms
ps/ms

O o oo

—p1/m
8
ps/ms
pz/ms

o O o

0
ps/ma
P2/ ma

8

,01/m1

O O oo

—p2/Ms
Pa/ma
—p1/m
8

where my, mo, ms, my are monomials and py, p2, ps polynomials

ona,b,c,d,e,f.
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Solution

We can solve a, b, ¢ with respect to d, e, f from

p1 = &c — a&@bPc+ ac? — bPc® + &d® — b?d? + cd® — bPcd® =0
p2 = &bc + bed® — & cde + bPcde + abc®f + abd®f — acdef + ab®cdef = 0
ps = acd — ab’cd + abc®e + abd®e + & cdf — bPcdf + a?beef + bed®ef = 0

and obtain a solution

d' = —\/cAi/\/Bi, € =d(As+VC)/Bs, = (A+VC)/Bs,
where Ay, A>,A3,B1,B5,B>,C € (C[a, b, C].
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Family 7%

m The solutions d’, €' and f" are roots or multivariate palindromic
polynomials so they get unimodular values exactly when
C(a,b,c)/(a®b8c*) < 0.

| Té‘z) = Sc(D), where
Sc(a,b,c) = Tge(a, b, c,d', €, ),
and
D={(ab,c)cT®|C/(ab8c*) <0, By, By, Bs # 0},

is a 3-parameter family of complex Hadamard matrices.
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Family 7.5

Similar considerations result in a family arising from a

matrix-valued function Tgp(a, b, c, d, e, f) =

1 —c
1 ¢
c -1
c 1

b f

b —f
f b
| f —b

—ad
ab

—-e —cC
c —e
e —C
c e

ab df
ad —bf
ab —df

—ad —bf

ce
—ce

adf
—adf
—abd

abd |

A
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Family 7.2

Family Té? can be obtained from Tge(a, b, ¢, d, e, f) =

1 1 1 1 1 1 1 1 7

1 d e —f df ef —de def

1 a —b f —af bf ab abf

1 —d b c cd —bc bd bed

1 —-a —-e —-c¢ -ac —ce —ae ace
1 —ad be -1 ad —be —abde abde
1 ad -1 —cf -—acdf cf —ad  acdf
1

-1 —be cf —cf  —bcef be bceef |
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Family 7.2

8F

Family Té,?j-) can be obtained from Tge(a, b, c,d, e, f, g, h) =

1 ab ef abef cd gh ]
ab 1 —abef —ef dh —cg
ef —abef -1 ab —cg —dh

abef  —ef ab —1 —gh cd
be —ae bf —af 1 —cdgh
ae —be —af bf ch dg
bf af —be —ae —dg ch

| af bf ae be —cdgh -1 ]
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Algorithm to determine if H ¢ H\¥)

Consider H € H(n) and H,(,k) = f(D), where f is iterativly invertable
function.
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Algorithm to determine if H € H"

Consider H € H(n) and H,(,k) = f(D), where f is iterativly invertable
function.

1. Find all mutually permutation inequivalent dephased matrices H’
equivalent to H.
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Algorithm to determine if H € H"

Consider H € H(n) and H,(,k) = f(D), where f is iterativly invertable
function.

1. Find all mutually permutation inequivalent dephased matrices H’
equivalent to H.

2. For each H' = (H; ), perform a backtracking search to find
parameters X’ = (x{, ..., xi), such that (fi;(x')) = (h; ;), by
evaluating suitable inverted entries of f with elements from {#] ;}.
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Algorithm to determine if H € H"

Consider H € H(n) and H,(,k) = f(D), where f is iterativly invertable
function.

1. Find all mutually permutation inequivalent dephased matrices H’
equivalent to H.

2. For each H' = (H; ), perform a backtracking search to find
parameters X’ = (x{, ..., xi), such that (fi;(x')) = (h; ;), by
evaluating suitable inverted entries of f with elements from {#] ;}.

3. For each pair (H’, x’), determine if f(x{, ..., x;) and H" are
permutation equivalent.
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Inequivalence

Theorem
Let H,(,k) be a k—parameter family of complex Hadamard matrices of
order 8 from the list

5) 5 A6 o) ol
R0, o, o s s .
3) +(3) 3 3 3 3 3 :

Tag Tags Tao (o), T (Te2)T, Tgp
Letf: D — H(8) to be the function defining Hék) as given in [8].
Consider H' = f(e?, €%, ..., elkt1)/) c H(8). The only family from
the list (0.1) to which H' belongs is H{ itsell.
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Uncategorized Butson matrices or order 8

The BH(8, 6) matrix

(W? Ww? W0 W W W W0 WO
wo UJO OJO (.UO (.US UJS UJ3 w3
wo w1 w3 w4 wo w2 w3 ws
B wo w2 w5 w3 w4 w5 w2 w1
1 =
wo w3 UJ2 w5 w2 w5 w1 w4
wo ws w4 w1 w5 w2 wo (,US
wo w4 w1 w3 w3 w2 w5 wo
_wo w5 w3 w2 w1 w5 w4 w2_
does not belong in any of the known families.
Classifications of Butson matrices: [5].
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Summary

m Overview of Complex Hadamard matrices of order 8.
= Novel families T3, T3, (TSWT, T8, (18T, 19
m Algorithm to decide if H € H,Sk).

m There exists BH(8, q) matrices that do not belong in any of the
known families.
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Thank you!
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